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PREFACE. 


As  this  work  contains  a  great  number  of  Integrals  fully 
worked  out,  the  Author  hopes  that  it  will  considerably  facili- 
tate the  progress  of  those  who  are  entering  on  this  branch 
of  study,  by  showing  them  almost  all  the  artifices  that  are 
used  in  those  branches  that  come  within  its  scope. 

The  works  that  have  been  consulted  are  those  of  Peacock, 
Gregory,  Hall,  De  Morgan,  Young,  and  various  mathema- 
tical periodicals ;  also  the  excellent  little  work  on  the  Cal- 
culus by  Mr.  Tate,  which,  like  all  the  productions  of  that 
eminent  writer,  abounds  with  useful  information,  apart  from 
the  able  manner  in  which  he  has  treated  the  first  principles. 

Where  integration  by  parts  is  used,  the  whole  process  is 
put  down,  but  the  student  should  endeavour  as  soon  as  pos- 
sible to  acquire  the  facility  of  running  off  the  quantities 
without  writing  down  all  the  intermediate  steps. 
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EXAMPLES 


INTEGRAL    CALCULUS. 


CHAPTER  I. 

ELEMENTARY  INTEGRALS  TO   BE   COMMITTED    TO    MEMORY. 

9 J    a  +  bx*       s/ai  \      V   J        J  <*+# 

=  -  tan  l  -. 
a  a 

dx  .__»■# 

=  sm~*  -. 


•/    va  — x- 


— d#  ,  x 

cos  ~1  -. 


6.)    /  =  vers"1  -. 

•/  v  2  ax—xl  a 

f*       d  x  

7.)  / —  =  log  (#±a+  Jw%±$  ax. 

J   vV±fl  ax 

n^    P     dx  1  .# 

8.)  1—7; -=-sec"1-. 

»'  a;  sr  x'—a*      "  a 


EXAMPLES    ON    THE 
dx  1  ,  X 


(io.)  /Cfi^i=iiog^y 

v      V   #2— a~      S     5  \x  +  aJ 

(11.)      a*dx  =  , . 

v      JJ  log  a 

e™dx  =  -—. 

Examples. 

(2.)  / — T7 — ■ — ? — r.      Let  a?  = -,  then  the  integral  is  re- 
V    xl{a  +  bx)  z  6 

,  p       zdz  z         b  .      ,  ,N 

duced  to  / —j  = h  —  log  (az  +  b) 

J        az  +  b  a       (rov 

1         b.      (a  +  bx\ 
= +  -log(— v— -    . 

,rt  v    p{adx      bdx      cdx      edx]         .  b 

c  e 

(4.)   f(l+aii)(l+w)ada^     /  (l+x  +  aP+x^xdx 


BAL  CALCULUS. 


r(l+xf(l—x)dx       />l+x~x2—x\l.v     P(  1      1 

(oV~     ~* =J ? "VK^+x 

\  7         ,  a;2      1      a- log  ar  —  2  ar—  a?3—  2 

—  1  —  x  )d%=:  log  x—x = 

/  °  2       x 


2x 


/xA  d  x       f*  f  1     1  .         a;3 

du=    ij — .    Leta?  +  2=£;  dx—dz 


{z—Zfdz  __  (z'—Gz^  +  lZz^dz 
■  (~_6+i?--,W  .-.  u--£-6*+l».log*+? 

\  Z         Z~  J  A  Z 

_y»-12g»  +  g.log(3g4)+  16 

_  (x  +  2)3--  12  (a*  +  2)2  +  (a?  +  2)  log  Qr  -  2)84  +  10 
■*  8  (*  +  8) 

=  j  -  7T  +  log  <V  ?+]";. 

/5  cZ  a?  1 

-—j — V->        Let  tf  =  -,  then   the   integral  is 
2  a:4  +  o  ar  z 

/— 5  z- 
~2?1 


. ■ —  5  £ -  <fo 
reduced  to  /  ■  t        ,r 

- o  cr 


1     /•  L-/*  /     -         10 d 

■""J,/    8+s2      *"  ~   ;7    V"*~87+»J 


EXAMPLES    ON   THE 

•10  dz  rodz^ 


/VlO  dz      _bdz\ 

j  \  3  *  3**4-2    ~y 

-K«VH-(V£W> 

roc^J  xdx        p  (  ,-  1       \ 

now— =  =  /    (»— v«+l -     d# 

™V     1  +  n/a'      */     \  1+-/*/ 

x1      %sA  f     dx 

//J     Sfi  
=  =  (by  substituting  *J  x  =z) 
1  +  \/w 

*M  =*/("-&)• 

=  2s— log  (1  +  zf     =     2nAb— log(l  +  ^a?)2; 

3 

.-.  the  integral  is  =  ^r  —  -^-+a?— 2(a?)*  +  log(l  +  V  )2 

(11.)  fxyx  '  dx.      Let  ^x  =  z,  then  tf=c2 
V       1  +  x 

dx=%  z  dz; 

r  x2  V  x  .  dx         r  z>        .      ,  ^    rzQ  dz 


+-£ —  +  2  *  —  S  tan-1* 

0  o 


2       s  *  v  i     .     «      1  ^w    i  1       ] 

=  -  xi  —  -  #5  +  2  #*  —  2  tan""  x* 
5  3 


INTEGBAJ     CALCULUS. 

=  -7=.  tan_,J  - — —  \  fan  useful  integral) 

r dx  1    /•      da;         __  >2   /»       d(%cx  +  b) 

J  a  +  bx-\-cx~~~  cj   0     tf         a~  J  (Zcx  +  bf+ikac— 
X"  +-x  4-  -  v  '       v 

=  —j ; tan-M      .  ■-  J. 

yy&ac  —  b*  \\/  ±ac—b~' 


Examples  for  1  }ractice. 

(a+bx)2 


^fxia  +  bx^dx^^^ 

r(a  -f  bx2  +  car3)  (3 car -f  "2bx)dx  _(a  +  bx'1  +  cx)Y 

4 .     W(*  + ^a)  (2  y/* +  !)}<**  _  (A.  +  ^Jt. 
*/  sj  so 

no                               Satf  +  W 
5.)   /      (a  +  bx)xdx  =  3 

0.)  r(>/Tf±+»)*» =(a, +N/5rn). 

(a  +  bx*)2.%xbdx  =  ±-Zt 9~. 


►  EXAMPLES    ON   THE 

/AX    r  Sdx  s 

J      */  xl  ~\-  x  i 

(3#  +  2)cZo? 


.  ar  -f  a?* 

-f-  * 


i  i  >t    r(px  +  %)dx  

li#)   /       / TT      =  2VV  +  aft 


180    A      ,^     =-rlog\/a+&a?. 

■    J    a  +  lx       b    ° 

.     r(2x  +  l)dx 

•'  /  A/-o  ,      — -  =2^3+m. 

^     var-f^-fi  " 

/     3        SC     0  5  \ 

l60    A*       rdX'+TdX)dX      >/a  +  bx*  +  cxh  +  dx* 
Va+  bx2  +  ca?3  +  d#4~~  2d 


'  •/         (a9  +  # 


(a?  +  t/)i  S 

w— 1 


17.)    /   V         ^     n J       _g.(xn  +  xn-1)  g 


L9.)    /     \     ^2c/    '__n.(a  +  bx  +  cx2)~. 
/    .  i      .       i\*"~  (n— ro).8c 


(I.)  To  integrate  du  = 
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CHAPTER  II. 

RATIONAL   FRACTIONS. 

xdx 


(*+8)(*  +  3)B' 


_    t  x  A  B  P 

Let  t — rsr/ — r^V2  =  ; — r^  +  7 — r-5%  + 


(«  +  2)  (*  +  3)*  ~~  (*  +  I)*       (a?  +  3)  T  (a?  +  2)' 
.-.  a?  =  A  (a?  +  2)  +  B  (a?  +  3)  (a?  +  2)  +  P  (x  +  3)2, 
Let  a;  =  —  3, 

.-.  —  3  =  A  (2  —  3)  =  —  A,     .-.  A  =  3, 
x  —  3  (a?  +  2)  =  B  (x  +  3)  (x  +  2)  +  P  (a>  +  3)2 
—  2  (x  -f  3)  =  B  (x  +  3)  (a?  +  2)  +  P  (a  4-  3)2 
.-.  —  2  =  B  (a?  4-  2)  4-  P  0  +  3). 
Let  a?  =  —  3, 

—  2  =  B  (2  -  3)  =  -  B,     .-.  B  =  2. 
Let  x  =  —  2, 

—  2  ==  P  (3  —  2)  =  P,     .*.  P  =  —  2, 
x  3  2  2 


J  '    (*  4-  2)(*  4-  3)2      {x  4-  3)2  T(a>  +  8)       (a;  4-  2)' 

/a?<fo 
(*  +  2)(*  +  3)* 

3  .       /a?  4-  IV 


EXAMPLES   ON    THE 


(2.)  To  find     Ct *~f*     —r - .      Let 

K    }  J  (a?  +  2)2(a?  +  4)2 

a?  A  B  C  D 

r*  +  t-t-t,  +  rrr-aa  +" 


(a*  +  4)2(a?  +  2)2  "  (a  +  4)2  T  (a>  +  4)  n  (a?  +  2)2  '  a;  +  2 
a?2  =  A  (a?  +  2)2  +  B  (a?  +  4)  (a?  +  2)2  +  C  (a?  +  4)2  + 
D  (a?  +  2)  (a;  +  4)2. 

Leta?  +  2  =  0,    .\a?==  —  2,  ar  =  4,  and  C(a?  + 4)2  =  4C, 

.'••   4  =  4C,     .*.  C  =  1. 
Let  a? +  4  =  0,  .-.  a?  =  — 4,  a?2  =  16,  andA(a?  +  2)2  =  4A, 
.-.  A  =4, 
...  **  _  (a  +  4)2  _  4  (^  +  2)2  =  -  4  {a?2  +  6a?  +  8} 
=  -4{(a7  +  2)(aJ  +  4)}, 
=  B  (a?  +  4)  (a*  +  2)2  +  D  (a?  -f  2)  (x  +  4)2, 
.%  —  4  =  B  (a?  +  2)  +  D  (a?  +  4). 
Let  x  =  —  2,       .*.  —  4  ==  2D,       .-.  D  =  —  2. 
Let  a?  =—4,       .-.  —  4  =  —  2B,       .-.  B  =  2. 

The  fraction  reduced  becomes,  therefore, 

4  2  12 

;t2  +  Tz-r-x  + 


(x  +  4)2  T  (x  +  4)  T  (a?  +  2)2      (a?  +  2) ' 
and  its  integral  is,  therefore, 
*&dx  p  dx 


y"£dx  r  dx  /a?  +  4\2 

(x  +  4J»  V(*+8?  +    °gVaTT^/ 

■»    4  da? 

(a?  +  4)2 


yv+%-=/4"*(*+4)"=; 


•  RAL    CALCULUS. 

—  4 


(x  +  4) 
In  the  same  way, 

y"  dx  —  1 

f     4  1     -)  5«  +  13 

U  +  4      m  +  2  J  **  +  G#  +  8 

therefore  the  complete  integral  is 

#2  +  6#  +  8         8  \x  +  2/ 

ttx  Ax  Bx 

Let  ,  ,   ,    ,w  .,   ,    o,  =  ^r— T  +  - 


(a?2  +  l)(ar  +  3)       a;2  +  1       x'  +  3 
.-.  3  =  A  (or  +  3)  -f  B(ar  +  1),    .\  A  +  B  =  0, 

3A  +  B  =  2,    .'.  A  =  I,  B  =  —  1, 
p         %xdx  __    //    xdx  xdx    \ 

_        /xTTT 

W  «■  =  (^  +  1)^  +  4) 

b  3 


10  EXAMPLES   ON   THE 

Let  ,  0  ,   „w  „   ,    iN  =  — — — -  + 


(V  +  1)  (x2  +  4)       (^  +  1)  "*"  (a*  +  4) 
x1  =  A  (a*  +  4)  +  B  (x2  +  1). 

Let  #  =  v  —  1,  or  a?*  =—  1, 

.-.  —  1  =  3A,     ,\  A  =  — i, 

o 
•••  ^  +  |0e'-  +  4)  =  B(^  +  l), 

=  —  <  2  tan"*1  -  —  tan""1  x  V 

r         xndx  —hr        SvPd® 

US'  Jd#  +  1)  (x2  +  4)  ~  3  J (x>  +  1)  (*»  +  4) 

-I  /"{4^+  4-(ar  +  4)}^ 
"37  («*  +  l)(**  +  4) 

_  1    /»/     4J#  «f#     \ 

"V    \  (a?2  +  4)  ~V  +  1  / 

^i^tan-^-tan-1^) 


1  ! 


Lot     (3*-  +  *~  2) 


A  B  C  P 

V'  "*"  T^TZTTv  "*"  /-*  _  ^  "*"  T^T 


(»-l):'       (*-l)*T(*_i)T  (**  +  ]) 
3*'!  +  a>-2=A(*'!+l)  +  B(»- 1)(*«+  1)  +  G(*-l)»0>  +  1) 
+  P(a--1)\ 
Let.r=l  .-.  2  =  2A,  .•.  A  =  1, 

3rf+#— 3-(^+t)=B(*-l)(a?+l)+C(*— 1J»(*>+1) 

+  P(*-1)3, 
.-.  (2*+  8)(«-  1)  =  B(»-  1)(#2  +  1)  +  C(«-  lf(»>  +  1) 
+  F(a-1)'\ 
.-.  (2#  +  8)  =  B(*»  +  1)  +  C(«-, !)(«•  +  I)  +  p(*_  J)». 
Let  x  =  1 , 

'.-.  5  =  2B,  .-.  B  =  -, 


5ar*  -  4.1!  -  1 
2 

(5*  +  l)(as— 1) 


=  C(»»  +])(»_!)  +P(*-])-» 


-  5*  +  *  -  Cfrf  +•  1)  +  P(» -,  1);  if#  =  l, 

.-.  -  3  =  2c,      .-.  c  =  - :; 

5«  +  1       3,  , 
£—  +  7j,»  2+l)  =  P(*-l) 


12  EXAMPLES   ON   THE 


30  —  2       /30 

\  P  = 


=(¥-0 


(m-iy(*  +  i)Tj  (x-iy+zj  (x-iy 

§    r    dx  3    /»    0^0 

""  ay  o»-i) +  2,/  (02  +  i) 

/<#0 
(tf'  +  l) 


1  6        X  3i      /  n 


8  1/»     S«  , 


1  5       13.     x/^TT      .    _, 


2(0- l)2       2    0-12     °   (#-  1) 

,      x     ,  (1  —  0  +  02)  <#0         (1  —  0  +  02)  c/0 

(6.)    <#W  =  £ 5— i =  =  7- r-- — rjr- 

v      y  1  H-  0  +  0*  +  0*         (1   +  0)  (1  +  SB1) 

1—0  +  02                    A  B 

Let  — - — x  ,,    , — =r  =  T^ r  -f- 


(1  +  *)(1  +  02)       (1  +0)^(1  +02)' 

.   1  —  0  +  02  =  A  (1  +  02)  -J-  B  (1  +  0) 
0  =  —  1, 

then  3  =  2A,  ,\  A  =  -, 

q 

I  ***  +  **- -(1  +  02)  =  B(1  +a?) 

.^±^±}  =  _(i+f)!=B(1  +  ,), 


INTEGRAL   CALCULUS.  13 

I    +  X 
.V    B  =  - 


9 

'(1  —  a?  +  #2)  dx 


/(l  —  a?  +  a?')  «# 
1  4-  #  4-  #2  +"#* 

:/?*  _L__I    _L     \     x   \  7 

=  ^(3  log  (I  4-*)-tan-1a;-  i  log  (1  4-  *)*  ) 

1/     (i+«y    #  _,  x 


(7.)  Jw  = 


Let 


x(l  +xf  (1  4-^4-^0' 
1 


x  (x  4-  1)'  (1  +*  +  ari) 


A  B 

=  r  +  /1  ,  ^»  +  tt-^-n  + 


«     (1  +  #)2     (1  +  *)     l+«  +  rf^y 

.-.   1=A(1+  a)3  (1  4-  *  +  #2)  +  B(l  4-  x  4-  x')x 

+  C(l+*)(l+*  +  x')x  4-  P  (1  4-  xfx. 
Let  #  =  0,         .-.  A  =  1, 

1  -(1  +mf(l  +#+**) 
=  B(1  4-  *  +  &)*+  C(l+*)(1  4-  »  +  afy*  +  P(l  + 
.-.  —  (3  4-  4#  4-  3^  +  ^)  =  B  (1  +m  +x°~) 
+  C (1  +  *)  (1 +#+**)  +  P(l  +  »y. 
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Leta?  =  —  1,        .-.  B  =  —  1, 

.-.   ~  (3  +  4a?  +  3a?2  +  a?3)  +  (1  +  sb  +  a?2)  = 
C  (1  +  x)  (1  +  a?  +  x1)  +  p  (l  +  a?)2  or 
—  (2  +  3  #  4-  2  a?2  +  a?3)  =  C  (1  +  x)  (1  +  x  +x*)  +  P(l  +  a?)2 
-.(2+a?-j-a??)  (1  +«)==C(l+a;)  (\q.m  +  at)  4-P(l+a?)2 
—  (2  +  as  +  sF)  =  C  (1  +  ru  +  a?9)  +  P  (1  +  #) 
a?  =  —  1,  .-.  C==  —  2, 

^  (1  4-  x)  =  P  (1  +  a?),  .-.  P  =  x, 

/dx 
X(i   +  tf)»(l  +  A,  +  a*)  = 

pfdx  dx  %dx      (        a?dfa?       \ 

./  W""(l  +  a?)2~"(l+a?)  +  l  +  «  +  a?V 

=  j^-81og(l+*).f 

1  />      /2a?  +  3a?2  +  4a?3  a?2  \ 

2  c/     *  \    a?2  +  a?:l  +  #4  a?2  +  a^+P ) 


1  i      \/a?*  +  a?3  +  a?4        /»     x*1  dx  1 

1  4-  a?  T     °       (1  +  a?)2  ^  a?2  +  #»  +  *>«     2 


! KGUAL    CALCULUS.  I  g 

yxdx  /*        Zdx  n Jldx 

<jj (^  +  J?  +  75  -J  4  +  4^  +  4^  —  J  3  +  (j#  +  iy 

9    /»        <•  2  #4-1 

=  37"   t  &*  +  ir  let  -^T** 


1  + 


.-.  dx  = 


3 
2 


2  /» da  __2     -y/3      /»rfa  1         x»<fe 

3  J         (2*-l)3""3'  "T  "t/'l+^  ""^/S  l/l  +  ^ 


1         .  1         .20  +  1 

=  — 7=.  tan""1  z  =  —7=  tan""1 jz~  ■ 

y2 ^ __     1         ,    x/^  ■+•  ^  +  x* 
•  (1  +  #)P  (1  +  •  +  rf)  ""  1  +  •  +   °g       (I  +  i)5 

1  .2*  +  1 

rr  tan~x jb— . 

N/3  v/3 

Or  thus, 

1 


#  (1  4~  *)"  (1  +  #  +  x') 
1  +  a?  +  ar  —  #  —  a?2  1  1 


#(1  4-#)'2  (1  +  *  +  #*)       ^(l+«y       0-+*)  (l+^  +  *a) 

1  4-  #  —  a?       C 1  4-  on  4-  a?  —  x  —  . 
=  a?(l  4-  #)2  "  1(1  +  *)  (l+a?4-*r)  i 
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1  1  1  # 

+ 


#(l+#)         (l+x)2         I+#         (l+«+ar) 

1  +  x  —  x  1  I  x 


X 


(l+o?)       l+x)2       (l+x)       l+x  +  tf 


1  2  1  X 

~~ *  ~~  i  +  x  ""  (i  +  *)* +  (i  +  0  +  «2y 

x~+\  +   °g  10  +  1)4  V  (1  +  a?  +"55)' 

And  £'**!>•      =  /ft±ft=il* 
,/(l+*+^)     ,/    i(»  +  i)2  +  |J 

/ 1  , /2#+l\ 

=  logx/^  +  ,  +  l-_tan-(-7r)) 

*\Ao  +  *o2  (i  +  ^"+^)  ~~ 
^tt  +  log— Try —  Ti^l-TT/1 

^'J&  +  xl  —  rf—tf  ~l/ &;iO  +  l)'0*  +  1)0-1)' 


Let- 


*0  +  i)302  + 1)0-0 


A  +  B#  C  D  E  P^ 

O^+T)  +  0  +  1)2  +  0+1)     (*  - !)  + «?' 


in'ik<,!;ai.   «  aij  ii  17 

.-.   1  =  (A  +  B  v)  (*  —  1)  (m  +  tf  &  + 
C(o;-4-  1)(#-1)>  +  D(#*  +  1)(*+  1)(*-1)^  + 
E(*>  +  1)  (*  +  1)\?3  +  P(#2  +  1)  (*  +  1)2(>-  1). 

Let  a?  =  \J  —  1 , 
.-.  l  =  (A4-bn/^)(14-^:^M^^-i)x-\/^T= 
(A  +  B  >/~^7)  (2  >/"ZTT  —  2)  = 
2  A  s/~^l  —  2 A  — 2  n/^Tlb-2B, 

.'.  by  equating  2  A  n/  ~T  =  2B  >/^7,     .%  A  =  B, 

2A4-2B  =  — 1,  .-.  A=B=  —  |, 

.%  1  +  j  (*+  l)3  (#-  1)  ^  =  1  (#74-  2#u-  2#4-.s3  +  4) 
■a  -  (rf  +  1)  (a5  +  2#4  —  jp  —  4ar  +  4) 

=  (#»+  1)  {C(#-  1)  *»  +  D(*  +  1)  (#-1)4* 
4-  E(*  4- 1)2  *»+P(*  +  I)2  (*-  1)}, 

*'•    I  (^  +  ^  ~~  *f  ""   4a;2  +  4)  = 

C  (a  -  1)  a?3  4-  D  (a?  4-  1)  (x  -  1)  #3  4-  E  (m  4-  I)V 
f  ?<•+■!/  (*  — 1). 

Leta;=  — 1,         .-.  -  =  2C,         .-.  C=  -, 
2  4 

.-.  j* (a?5  4-  W  —  #3  —  4«P  4-  4  -  ^4  4-  **) 
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4  ** 

=  (a?  +  1 )  {  D  (*  - 1 )  *  +  E  0  +  *  )  ^  +  p  (*  +  X  )  0  -  2  )  1  > 

.-.  I(^_4a?  +  4) 

=  B  (a?  -  1)  a?  +  E  (a?  +  1)  a?  +  P  (a?  +  1)  (a  -  1). 

9  9 

Leta?=-1,  .-.  -  =  2D,  .-.  D  =  -, 

...  1(^_  4a?  +  4)  _|(^_^)  =  _i(7*S-9s*  +  8a-8) 

_       *(#  +  i)  (7  a?3-  16a?2  +  16 a? -8) 

8 

=  (*  +  1)  {Ear3  +  P  (a  -  1)}, 
...  -  l(7a?3-  16a?2  +  16a? -8)  =  Ea?3  +  P(a?-l). 


Let  a?  =  1,  .-.  E  =  -, 

o 
...  -  i  (8a?3-  16a?2  +  16a:  -  8)  =  P  (*  -  1), 


...  _  (#  _i)  (^  -  a?  +  1)  =  P  (a?  -  1), 
.-.  p  =  —  (<^_  #  +  i), 

1 1  1  +  x 

x%  +  x7  —  xl  —  a/'  ~~        4  1+  xl 

119         1  1  1  &  —  x  +  1 

+  4  '  (1  +  *)2  +  8*    1  +a?  +  8  '  m  —  1  k^        ' 


INTEGRAL   CALCULUS.  10 

/(lx  _  1      /»  \  +  *  j 

1     P       dx  9    p    dx 

] .     /»   dx  p  dx        p  dx        p  dx 

+  8  J  x—  1  ~  J    ~x~   V    7  "",/     tf7 

I    p%xdx       1     /»  'J#  1     p    dx 

~~8j   T+lP~lJ  ail+  L+ZJ  x  +  lf 


=  5T3  -  "  -  q  lo8  C1  +  *")  —  Jtan      *T  - 


8  a1      x      8    5V  y       4  ■      '  4     {as  +  1) 

+  g{log(«  +  l)9+log(#-  l)-log^} 
_2+'Zx  —  4x'i-4.x  —  x2 

+  |  {log  (*  4-  l)9  +  log  [m ~  1) "».  log  (l  +  **)  -  log**} 

1  .  2  — 2#  —  5*2 

—  -  tan""1  #  ss  - 


4  4#2(l+#) 

+  l°o  \f   - —  V    a — t  —  T  tan"1  *, 

(0)     r(?>x-Z)dx 

54?— 2  A  B  C 

x'  +  e  **  4-  e  r  #•+»     *  +  -* 

5«  —  2  =  A  O  +  -J)  U  4-  4)  4-  JSx  (x  +  4)  4-  C# (#  4-  2). 
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Let  x  =       0 

-     2=          8A,      .'.  A  =  -    ] 

4 

x  =  —  2 

—  12  =  —  4B,  .-.  B  =        3 

x  =  —  4 

11 

—  22=      8C,  .*.  C= - 

4 

/»     (5  #  —  2)  d# 

\     rdx       0   P    dx  11    /»    <7# 

=  —  j  log  x  +  —  log  (a?  +  2)  -  j  log  (m  -V  4) 


_1  (x  +  2)13 

~~4     g#(tf +  4)11' 


(*>/£&£ 


3#  +  1        _A  B  C 


x:i  +  %x2-\-x"~  x       (x  +  l)2       #  +  l' 
3#  +  1  =  A(#  +  I)2  +  Bx  +  C#  (a?  +  1). 

Let  .i?  =  0,     1  =  A, 

3x  +  l~x2—%x  —  l  =  x(l  —  x)  =  Bx-\-Cx(x  +  l), 
,\   1—0  =  B  +  C(0  +  1). 

Let  m  =  —  1,    2  =  B, 

...  _  (i  +  #)  =  c(«  +  l),       .-.  c  =  —  l, 

/(3'#  -f  1)  df#  __    /•  J#  /*    dx  r  dx 

x>  +  2x2  +  x~J  V  +    J  {a  +  iy     J  a  +  1 


TNTEGRAL   CALCUT'  2L 

2 
==  ]°%a'  ~  7+1  ~"  l0°  (*  +  ]) 

=  log 


(11.)     /*  ^ 


a?  +  1       a?  +  1 
dx 


1  A  B 

Let r — — :  — r  + 


1  +  3a?  +  2ar       »  +  lT  J2.t?  +  l' 
1  =  A  (2  a?  +  1)  +  B(a?  +  1). 
Let  a?  =  -  1  1  =  -  A 

—  jj  1  =  +|  B-8, 

J  a?  /*  <Za?  /*  2rfa? 


r  dx  ___  /^tfa?  /»  2< 

*  V     T~4-  3a?  +  2a?-""  ~~JaT+l  +J   2a?" 

=  -  log  (a?  +  l)  4-  log  (2a?  4-  1)  =  log 


4-  i 
2a;  4-  1 


x  4-  1 

r__jcdx___ 
K      V   (a?-2)(a?4-3)2 

a?  ABC 

(a?—  2)  (a?  4-  3)a        (a?  4~  3)~  ^  a?  4"  3       a?  -  2  ' 

x  =  A  (a?  -  2)  4-  (a?  4-  3)  {B  (x  _  2)  +  C  (a?  +  3)}. 

3 

]  si  m  =  —  3,        .-.  —  3  =  —  5 A,    A  =  -, 

5a?  — 3a?+  6  .     2  (a?  4-  S] 

""'  5~     "  ~~        5 

==(*  +  8){B(«-8)  +  C(*  +  3)} 

A  J-=B(a?-2)  +  C(*4- 
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Q  2 

Let  x  «  —  a;       -  =  -  5B,  .-.  B  =  —  — , 
«   -    3;       ^   =   5C,   ,.c   m   |, 


y^~2)^+3)3 

(*  +  3)3  ~~  zSjx  +  3  +  25^  -  2 


/(*  +  3)3  ~~  25Jx  +  3  +  25  J 
3       1  2  ,      ,        ^        2 


_log(*  +  3)+--log(*-2) 


5  #  +  3       25     °  v     '     '   '   25 


2    ,       #  —  2 


W/E 


25     °  a?  -{-  3        5  a  +  3 
(^  +  3#  +  l)'J* 


W  -\-  os1  —  2# 

t        a*  +  8*  +  1        A  B  C 

Let   "3^ 5 S~"  =  ~  +  f  + 


&  +  #*  —  3a       #      a?  —  1       #  +  2' 
a?*'+8ff  +  lasA(«-.l)  (a? +  2)  +  Bx(x  +  2)  +  Car(a?— 1) 

1 


Let  #  = 

0 

1  =  -2A,       •••A=-2 

a?  = 

1 

5=       3B,       .-.  B=       | 

x  = 

-2 

-1=       6C,       .\  C  =  -i 

War  +  3a?  +  I)  da 

2a; 


\     P  dx       5     /*    flta  1     r  dx 

~~~%J    !v  +3j    x—  1  "~  6  e/  a?  +  2 


INTEGRAL    CM  23 

=  -  -log  *  +  -3  log  O  -  1)  -  -  log  («  +  2) 


v     *V^  +  1)  (x  +  2)  (*»  +  1) 


x _      A  B  P 

(*-K)(«  4*  &)(**+ 1)  ~"*  +  i+fl?  +  2  +V  +  l 

*=rA(*+8)  (**+l)  +B(a?  +  1)  (**1)4-P(«+1)  (*  +  2). 
Leta?=  — 1;  —1=       2  A,       .-.  A  = 

2 

o?=  — 2;  —  2=  —  5B,       .-.  B  =  +  - 

5 

.   x1  +  2*-  +  x  +  2       2  x%  +  a*8  +  2*  -f  2 


2 


10 

a?  +  3 


=  P  (a?  +  1)  (x  +  2), 


.-.  P  =  • 


10 
xdx 


/*  xdx 

(tf  +  l)(>  +  2)(ar  +  1) 

9  ./    0  +  J .      5^7    «  +  2  +  To7    ?+l 


=  ~  Jl°g(*  +  1)  +  jl0g(*  +  2)  +  ^log(«"  +  1) 
+  — tan-1*, 
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log       y^n.       +  iotan    * 


W/iTO 


+  3 


1  A  B  M  a?  +  N 

Let  ____  =  __  +  —_  + 


a?4  +  4a?  +  3       (a?  +  I)2      a?  +  1       *2  -  2a?  +  3 

1  =  A  (a?2  -  2a?  -f  3)  +  B(a?  +  "0  (^  -  &#  +  3) 

+  (M«+N)(«  +  I)2. 

Leta?»  —  l"i      1  =  6A     .-.  A=- 

6  — arg  +  2a?—  3  _        (a?2  —  2  a?  -  3)  _        (a?+ 1)  (a?— 3) 

6  "  ~~  6  6 

=  B(a?  +  1)  (a?2  —  2a?  +  3)  +  (Ma?  +  N)  (a?  +  l)2, 
a;-  3 


G 


=  B (a?2  —  2a?  +  3)  +  (Ma?  +  N)  (a?  +  1). 


Leta?  =  ~  1;        o  =  6b    ••  B  =  n> 
o  9 


— <dx  +  27  —  6a:2  +  12*  —  18 
54 


=  "~(a*>~*~8)  =  (M»+N)(a>  +  l) 


INTEGRAL   CALCULUS. 

dx 


dx 


•  r  = 

"J    a?4  +  4  x  -f  3 

I     p      dx  \     p     dx   %      \    p         t 

$J     (a?  +  1)""  +Sy     .7TT/+0y   a?-- 8*  +  3 

1     /*  a?f/*c 

/ 1       I  \     p         dx 

+  U  ~~9J  J  a?-  — 2ar  +  3 

1       ]  1  a?  +  1 

"  ~  6  F+l  +  0  °g  ^/**-2*  +  3 

1  .  *—  1 

H tan-1  . 

T  18  ^/2  «/2 

<W/^-(«-^.-')--/*Tr  * 
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dz 


/*  z5dz  rz2dz       b    Paz2d. 

az:i  +  b  ~~      J      a  dlJ  az:i  + 


-  b  '   z2 

az2dz 
b 


-S  +  BI?«^  +  *) 


1  b  /a+bx*\ 

~~3^FJ  +  372    °gl      x*      J 

— tt— — 5n3  •     Let  #  =  -  ,    J#  = dz 

x(i  +»'0  «  * 

/d  a?  r>    z1        dz  _         r*  z^dz 

y">  z2  dz  p  z2  dz 

(FTT)  +J{J  +  l)2 


It,,  x  1 

=  -  O     l0S   (*'  +  1)    ~ 


V  ar*  +  1  a?3 

A/       a3  3(ar»  +  l)' 

The  following  method  of  doing  the  last  four  integrals  is 
very  simple,  and  can  be  often  used  with  advantage. 

/»      dx 
xlx~+T) 

_L (1  +  x*)  -  a? 

x(x'  +  1)"     x(x*  +  1) 

~~  x       x:i  -f  l' 
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— —  may  be  found  in  a  similar  manner 

X\\  -j-  x  ) 

1  (1  +  of)  —  at      1  s3 


a?(l  +  #4)  *(1  +  #4)  as       (1  +  #4) 

y"      da?  ,  K  f     X* 

•*•  y^(i  +  **)  ~  og  v  ^n 

/•  da? 

a?4  (0  -j-  b&) 

Here  1  1/a  +  ^-^N 

a?4  (a  +  6a?:1)       a  V    &  (a  +  &*»)   / 


aa?4      a     a?  (a  +  5a;3) 

1  1     a  +  k3-  ^ 


a?  (a  4-  bat*)       a       x(a-\-bx') 

J_  bx2 

ax       a(a  -\-  bx*) 

Therefore,  the  original  quantity  is  reduced  to 
1  I         V  x2 


az*       dlx       a1     (a  -\-  6 or) 

,  .     .  ,  .  1  b   ,      i  a  +  bx\ 

and  its  integral  is  —  - — ■..  +  n-^.log —  ) 

3aar      da~    °  \     xi      J 

/dx 
a  (1 +  *')*' 

1  (1  +^)_^ 


1  xl 

1  !+•*—  #"  1  a?2 


#(l+#0  ""    o?(l +«■'*)       "    a;        «*+l* 

c  3 
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1 


Therefore 


x(l  +  *•)■ 

x2 


x       x*  +  l         (#3  +  l)2' 
and  the  integral  required  is  therefore 
3/~xT~  1 

y^  d#  1     /*  r    d#  dx     y 

tf^Ti  =  ^y  \tf  -  i ""  #3  +  if 

^rn  -y^  ~  i)  (**  +  x  +  i)' 


1                 A  B^  +  C 

Let  -r-:  =  i ;  +  3 


x'3—  1        0—1        #2  +  0  +  1 
1  =  A(x2  4-  0  +  1)  +  B0  +  c(#  —  1). 

Let  ^  +  0+1=0,     or   x  =  v  "~8"~1 

.-.  4  =  (2C  -  4B)  v/^I-  6C, 

2  1 

,\  C  = .       B  = • 

3'  8 

Let  a?  =  1,    .".  1  =3  A,  A=-, 

o 


INTEGRAL   CALCULUS. 

.-.  the  integral  is  reduced  to 

1     n  (    dx  (x  +  %)dx  ) 

3  J    U  — 1  ~~  xl  +  x  +  1 ) 


-  5  +  2)  d* 


=/- 


"m, 


*+-: 


=  log  A/*2  - 


-  +  -7=  tan    —tz 
4       v"s  V3 


/- 3  _,/2^—  1\ 

=  log  v/a;2  +  a?  +  1   +  — =      tan     (  — -  )  • 

•'•yirzT  =  3  los(a7-1)-3  loS  >/*»  +  *+ 1 

-  —  tan->( — -). 

V3  V     n/3     / 

And  in  a  similar  manner  it  may  be  shown  that 

f^h=l  los  (•  + J)  -  I  lo* >/*-'  +  * 

1  /2«  +  1\ 


/>   d*  1  .       /#  —  1  n/#-  —  a;  +  1  \ 

*"-  1  ==  «  °S  \*+  1  vV>  *  +  1/ 

2</3    l  W3     /    T  \      v/3     /) 
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But  these  inverse  tangents  together  are  equal  to 
Ax 


tan-1 ! 


TT    "  -'(^) 


-mi 

/dx  1        / a?  —  1  \/V  —  ^  4-  i  \ 

#6-  1  ~"  6  °gV^  +  1  y'V  +  a?  +  1  / 

•^  v     P  x""dx 

WJWTW 


ft*  (1  +  ar)  &  —  ar3 

(3?  +  1)*  ~         p8  +  l)3 


And 


(^  +  If       (a?  +  if 
«j*  #(#2  4-  1)  —  a? 

(^  +  l)3    ~         (a3  +  I)9 

#  x 


Also 


# 2  4-  l         (««  +  iy» 

x*  x  (x2  4-  1)  —  a; 


(1  +«^F  (a2  +  If 

x 


(?  +  i)2  "*  p?  4-  l)3' 


"    («3+l)3    *  '    (*3  +  If  {x2+  I)3 


a?  2a;  x 

x2  4-  1      ~~    (a?3  +  l)3    +    (#  +  l)s5 


r,   CALCULUS. 

and  the  integral  required  is  therefore 

log  s/FTT  +  -r^-j  -  ^j—r^ 

0'rt+l)  =  (  ar—Sx  cos  -  -fl)   (&  —  &r  cos—  +  lY- 

continued  to  the  factor  (  x1  —  %x  cos  tt-1-1  )  when  m 

\  m  J 

is  an  even  number. 

This  gives 
(x{  +  1)  =  far  —  R*  cos  2+l)   (^  —  2.«  cos-^  +  l^ 


or  (a;4  +  1)  =  (.^  -  tiV^  +  1)  (**  +  *  -v/2  +  1). 

„.  W  7T  .       «7T  1  3?T  .      It 

Since,  7- =  45  cos -=  sin -=  —-,  cos   -7- ad —sin—. 
4  44       ^/2  4  4 

Assume  therefore 

x"  A  a?  +  B  C  a  +  D 


**+]    "~  *2—  zn/2  +  1         a^+WS+l' 

a#2=(a#  +  b)(#2+ W2+1)  +(ci+i>)(«,-W5+i). 
if  /*•+  ,Whi  =  ft,     0  ==     "~*_T~  l   (1.) 

Ifar-WS  +  l    =0,    x  =  _z±±_I    (2.) 

v9 
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Making  (1)  our  supposition,  we  have 

,s= J^EL-  •=-,  aac^"c+P-(9--a^i), 

—        %C*/~\     2  0^"-!      2C  ,  2C 

or,  -  V-l  =  — —  -f — 7^  +  -7= 

V2  V2         >/2     ^2 

+  2D -2D  n/~-  ^^={^^9Dfv^-5  +2D, 

,\  D=0       C  = —  • 

2V2 

Now  making  (2)  our  supposition,  we  have 

=  (by  reduction,  as  in  the  preceding  case,) 
{^+9b}V— 1  +  8B,      ...B  =  0,  A  =  ^- 

The  quantity  under  consideration  is  now  reduced  to 

1       (  x  x 1 

2\/g  Xx1—  x  V2  +  1        «*+  *  V2  +  1J' 

a?  # 

The  integrals  of 7= and  — —  now  re- 

x2—xv-2+ 1  «H«v2  +  ] 

main  to  be  found.     They  can  both  be  included  in  the  general 

x 


case 


/  ^±#^2  +  1      \  n/2/  •/ 


1    ,      A  Z+Sl)d* 
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-  tan-  (,v/5).     This  %^fx,^\  +  l 
=  log  \/{xl-  x  s/%  +  l)  +  ton"1  0»v/2-  1), 

log   aA2"^H1  +  tan-'(*/2-l) 
V   a'  +  av/a  +  l 

+  tan-!(«v/2  +  l). 
And  these  inverse  tangents  may  be  reduced  thus : 

tan-^v/a-l)  +  tan"1  (x>/%  +  1) 

/      x  V2  —  1  +  W5  +  1     \ 

\i-(#V2- i)(W2  +  i)/ 


=  tan" 


=  tan  x  - — —-— — -\  =  tan  l  -rrr — —  =  tan    ,- r>v 

1  — (2  ^—  l)  2  (1-ar)  (1  —  tr) 

/ardx 
xr+i  = 

_L_  .    A  A--Va+i      1  f^v/ai 

«?  +  1  _*  + 1 

1  A  B„  +  C 

_. ________  __.    _______       I       I 

&  +  1      #  +  1      ar  —  x  +  l' 

c  C 
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.*.   1  =  A  O3  —  X  +  1)  4-  Bx  +  C  (x  +  1) 

#  =  —  1,         ,\  I  =  3  A,         .-.  A=-, 

o 

3  —  (g*  —  a  +  l)  _       a?2  +  #  +  2 
#4-1  ~  a?  4-  1~" 

#*  —  0  4-  2a  4-  2 

1  1  2  —  x 

■  +  ■ 


ar3  4-  1       3  («  4-  1)      a3  —  *  4-  J 

^      •    7 


-  dz  7 

»  2  p  zdz 

*+\ 

4  4 


4 

1  ,/2«— 1\       ,         /— 

=  —7=  tan-1  ( =-?  J  —  log  </a?  —  *  +  1, 

y^  da?  1   j       .  /2a?—  1\ 

^n  =  7--tan-(-7r)  + 

log^EEL, 

\/V— -a?  4-  1 


INTEGRAL   CALCULUS. 
Also,     I  x\lx  =  —,      I  dx  =  X, 

therefore  the  original  integral  is 

x*                   1           .  (2*-  1)    ,  .  \/JTl 

T  —  m  +  -t=  tan"1  4 —-\  +  leg     /      ^  = 

The  method  of  integrating  by  parts  is  used  to  great  advan- 
tage in  many  integrals,  "which  is  as  follows  : — 

d(pq)  =pdq  +  qdp, 
.\  p>  dq  =  d  (j)q)  —  q  dp 

fpdq=zpf  —  fqdp (1); 

or  by  using  differential  coefficients 

/'fs-»«-/«2 » 

In  the  following  examples  we  shall  sometimes  use  (1)  and 
sometimes  (2). 

When  integrals  are  of  the  form  of  fat*-1  (a  +  bxy')l  d  x, 

they  can  be   rationalized  by  assuming  a  -f  bxn  =  *;7  when 

m       vi      p  .         .  _ .  ?>* .        . 

—  or h     W  wa  integer.     If  —  be  a  fraction  assume  a  -f-  £.6*" 

?t        n        ?  °  ft 
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CHAPTEK  III. 


(1.)  fxdxs/a  +  x  —  fdx(a  +  x  —  a)  \/a  +  x 
~  f  dx  (a  -\-  xf  —  a    f  dx  sj  a  +  x 


,    x  du                   1                    \/#  +  «  —  \/# 
(2.)  -—  =  -7 7=  =  ■* z— ' 


0  393 


7  771  77» 

(B.)  ^-  =  (a  -  x)(b  ~  xf  =  [b  --  x  +  a  --b)  (b  -  x)~n 

(X  X 


-  +  2  _  +  j 

m  +  2?i  ??i  -}-  ?i) 
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/i  n  dU  I     a  \    / 

(4.)  ^  =  (ar  +  a)  s/ x-  +  4a 

=  (ar  +  4a  —  3a)  s/x'  +  4a 

=  (**  +  4a)a  —  3a  >/^  +  4a. 
To  integrate  (or  +  4a)2   (integrating  by  parts). 

Let  »  =  (*»  +  4a)2  ^  =  1 

a# 

rfj^ar8  +  4a)2 =  *(4>  +  4a)2  —  3    /Va**  (rf  +  4  a) 

=s#(^  4-  4a)2  -  3    /dx(x2+Aaf  +  12  a  /rf*  (#■  +  4a)4, 

.:Jdx{ar  +  4a)2=  |(*°-  +  4  a)5  +  3a   /^(^  +  4  a/, 

.-.  *  =  ?(**  +  4a)*. 

4 

(5.)—  = Leta  +  #  =  *2 

K    '  dx      xy/x  -f  a 

(hi       du  das  1  2 

2*  =  - 


a7 *      dx  dz      (zl  —  a) ; 

\A1~-\A       z  +  y/a) 

I     ,      z  —  \/a  1 

M  =  -7=  log ~=  =  -T^10^  " 


\/a        *  +  y/a       y/«       (*  +  v/a)~ 
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=  — log-— ^ _ 

sj  a        s/ a  -f  x  +  \/a 

("v  ~r~  = •     -Let  a  -f  ox*  =  ** 

dx  x 


z2  —  a\i      d#        1  2# 


c?ia  du     dx  $  z  %z 

dz~~  dx'  dz  ""(^rr^J  <  8**(^  — <t)S 


2  s3 


3(s*-a)       3  L     +,*8-aJ 
~3l1+    2     U-v/S       *+v/J> 

3        3       2  ^  _  ^/a 

2#      2  \/a  i      z  +  v« 

=  IT" -3-^7^; 

__  2  \/fl  +  bx*       2  \/»  i      v  «  +  bx*  +  v^^ 

3  a- log       T^r- 

__  2  >/«  +  bxs       2  \/a         \/6  -f  ax~*  +  \/ax~'3 

-      s  3- log        -71        • 
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(1  u  1  +  #2  n2 


(  •'    dx       (]  —V)  sj\  +  xx       (\ 


(i-Jvi*' 


i  +  » 


g-*)Vg-*)^'  ■ 

= — ,      ( "  —  •»  =  «), 
•'•"="7Il0g{7^vi} 

=  -LlogV^Ta+y/8) 

v/a      I  z         S 


x/a  i  -  •» 


,    ■.    f         dx  _      p  dx 

(8'v  v/zr^TT  ~  J  VW+W+% 


-kg(v/(*  +  ly+f  +*+  J} 

=  log  {2v/«"  +  *  +  1  +  »«  +  1}  +  C. 
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1 

.      ,  *"~2         .      -  2x-  1 
=  sin-1 =  sm    L  . 

2 

(io.)  /•  „  _^   *", •    Wi-i- **, 

#  =  1— £2  J#  =  —  %zdz 


i  +  #  =  2  —  s' 


,2 


ydx  _  r    dz 

(1  +  a?)  'y/l—x  "  ^"j 

" ~2v/2(y</2+*  v  \/2-*i 

1    ,      ^2  — *         1    .      2  +  ^  —  2^2* 

=  7^l0g7M:I  =  72l0g — 2^7- 

1    ,      3  —  a;  — 2  \/2  \/l  —  a^ 
""  V2  °g  1+* 

,  X  r  dX  T       .  1  7  ^ 

(11.)    /         J—      ,     2 .     Leta  =  -     ^£== - 

/dz  p  dz 

=  —  log  {s/  I  +Z  +  Zi  +  z  +  J} 
"  -  log  1 ~x ) 
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i  x 

=  log 

%  \/l  +  x  +&  +  2  +  x 

_  x  (2  +  x  —  2y/l  +  x  +  ar) 

2  +  #  —  2  \/l  +  #+a^ 


~^                   -3* 

rf(^) 

rf?V            *         _1          dx 

v      y  tf  x       */<£—&       Wa4-  (or)2 

1    .  _,*■ 

ma)  '•-           x 

1 

rttf       V(l  —  a?)  (»  +  a)         V2- 

—  a?  —  xl 

2 

V9  —  (2*  +  I)"' 

.     ,  2#+  1 
.*.  u  =  sm  ■ — . 

o 

rn)  rfM- 

*  «       V  (^  -  a2)  (62  -  x'1) 

x                            1 

*J  xl  —  a1    V '  \r  —  a2  —  (x*  —  a2) 
.:  u  =  sin-1  A  A  ~  < 


(15.)    * 


<**  *  V«s  —  <r  V6»  —  ar 


42 
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1 

*t  X  =  - 

z 

dx                1 

dz   "            z2 

du        du 

dx                          z* 

1 

dz        dx 

dz        Vl  —  a2z2  S/6V  - 

-  1 

#' 

a2*                                     1 

n/1 


«    •  ~\/    l  —   T^  —  C1  —  a  *") 


.•.?,«  =  -—•  sin-1 
a6 


1  —  g2z2]l 


1      .       hA./JF+  a2 

:  --  sin-*  -A  /  ^ - 


00-)  £- 


rf«       (l+^v/l-*3 


(1  +  «)a/2(1  +  *)  -  (1  +*)* 
.-.  M  =  —  a/2  (1  +  *)-'—  1 

--V  i+5-ls=~/V  m 


m  £- 


# 


(i+**)\/i— a4 


0(1  +  a8; 


-  (1  +  ^2)v/2  (1  +  0*0  -  (1  +  x2)2       s/%  (1  +  x2)-1-  l' 


•*•  »  «  -  ^\/«  (L  +  ^)_1  ~  1  =  -  i  V  ]r 


+  x2 


INTEGRAL   CALCULUS. 


/1Q\      (}U  (^   +   \/l+«3)' 

(l80  iz  == 


dz  ~  ^/l  +  x1 

=(-==  +  l)  (*  +  y/r+*y~\ 


(i9.)  *f- ; 

<*#         (1    +  x)  sj\    +   0  -  ? 

Let  1  +  a?  =  *,        *'  =  (*  —  l)2, 
o*w      o*m    da;  1 


z       dx     dz          z  \/z (a 

r-l)« 

zs/?>z-zl-  1 

t    .            \     dz            1 

.Let  z  ss  -i    — -  = - 

v     at;            it 

dw   ^    a*w      d# 

1 

IT 

dv        dz      dv 

**  </Sv 

-l-i,2 

-  1 

v:-a- 

•)■' 

3 

.     5.-? 

.-.    U  r=   —  sin-1  — £: 1 

2 

=  —  sin" 

.,3— 2v 
n/5 

3*  -  2 

=  —  sin-'  — — : 

V5* 

=  —  sin" 

.,   3x  +  1 

(       3  x  +  1 
=  tan  >  (       , 

\2V1  +  #- 

,>■ 
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•™  n    du  1 

(20.)     -y-  =   , 

«*       (#  +  b)  \J x  +  a 
Let  #  +  a  —  sr      ~r  =  *#> 


dftt       <#M    Jo? 

1 

<#£       <&0    d^f       (#2  — 

-a  +  &)  ^ 

2 

.    it  =  tan-i 

2 

2* 


z>  +  b  -  «*' 


*/b  —  a  >Jb  —  a 

2 


V& 


#  V    6  —  a 


(9i.)  *U ! r 

^       (#  +  b)  (x  +  a)« 


=  _J_{_i I-}     * 

a  _  b  ix  +  b      x  +  a)  ^x  _j_  a 


a—  b     (x  +  b)»/x  +  a      «  —  #    (x  +  a)l 

2  _!        /x  +  a  2  1 

= ^  tan     A/  r2_  + -7= 

CJ  —  ^V  v     6  —  a       a — b    vx  +  a 


,_  v     c?w        1      /-^ s       x 


o  o 


dx  x  ^    '  x  y/^2  _^2 

a2 


V#2  —  a2  #  >/^2  —  a2 

•.  u  =  ^#2  —  a2  —  a  sec     "• 
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<*>=-* 


To  integrate 


**%  %~  x'W  dl  Hfc  x2       V 'a2  ±  2? 

1 


#2  Va2  ±  xl 


T  *  ^  —  * 

rfu       dx      da  1  #" 


^       dz    '  dx  ~         ^ *J drz1  ±  1   ~  Va'V  ±  l' 


J   j rfz  = -H —  +  log (x  +  ^'2  +  #2), 


or,  = sin-1  -,  accordingly  as 

X  CI 

we  use  a2  +  a;2  or  a2  —  a2. 

cm.)  £- 


^       \/a2  +  f-Va2-^ 


^a2  +  a?2  +  ^a2  —  a?2 
3#* 


1  vVj-^2       1  Va2  —  xl 
"  2         tf2  2         aJ2 

By  last  example, 


=  —  Zx 


+  g  lo8  (*  +  ^«"  +  ^')  -  o  6in  '-• 
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(25.)    —  =  A/  —I—    =  +      

rt»  /  ..  . 

•\   n  =  a  sin-1  -  —  sj <#  —  #2« 


(26 


v     du  __  1        As  +  a 1 

dx      x  V   a;  —  a  "~  a/#2  —  a2 


,\   ^  =  log  (a;  +   */#2  —  a2)  +  sec-1  — 

*  dx  'V   a—x      vV  —  «»       vV-ar5 

To  integrate 


*/a2  —  x 


p  =  x 


dq  x 

dx  ~~  Va2  —  x2' 


|  =  1  im.-4&ZW. 


.-.    f  -^--^-'  =  -  x*/ g>  --  x2  +  f  'JcP-x'-dx 
,  =  -  s  Va2-^  +  o   /     / 


VL   CALCULUS.  17 

im         p    x*dx 


p     xdx  p    x  dx 

\    u  =  a  I   -  +  /   — =; 

sj2  op  /  X  \ 


(2R)     -  =  * 

'!  *       y/l  —  %acx  +  arc2  sf\  -  2ac"-^  +  a2c~2 

Let  1  —  2ac#  -f  aV  =  2w        —  = 


—  Sac  1#  = ^ — = ~ 


1  —  %ac  1x  -{-  a2c  2; 


c2  +  a2  4-  22  —  1  —  a2c2 


n* 


c* 
clu      du     dx  z  c 


dz       dx     dx  ac     z  yV-  -  (1  —  a2  —  c2  +  aV) 

_^  1 1 

""  a  ^/V  —  (l  -  a2  —  c2  +  a2?)' 

.'.  w  = log{*  +  \J  z2  —  (1  —  a2  —  c2  +  aV)} 

=  -  log  {>/l  -2ac#4-a2c2  +  s/a2  -  2acx  +  c2} 

rr.r,*,  dU  1  _  1 

(29.)    T-  = ,  Let  a  =  - 

J«       (1  —  «s)v/l  +*2  * 

ill  1  sp  z 

**=   ^  (*» -  if s/T+3m ~ (*•—  l) \/T+l? 

Let  1  4-  .;2  =  *»     *■  -  1  =  »*  -  2,     ^  =      ,    *     ■ 

«        v/v2-l 
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du       du     dz  _         \J v 


1 


dv       dz    dv  (v2  —  2)  v     +/v2—  1  v2—  2 

du  _       1      C        1  1       *> 

,  M  =      1      log  Lt^*.  -J-  logil+^l: 
1     .      s/\  +  *2  +  v73 

1      ,       a/1  +  ^  +  \/^ 

log 


d*  (1  +  #)s/#—  1 

Let*»-1=*   l+*W  +  »,  jj-^-f 

du      du     dz  \/v2  +  1 


•'■Tv~dz'da>  («*+»)«•  y/e'  +  l  *3  +  3 


1            ,    •                 1    t     _j\/^3-1 
:  tan-1  —7=  = 7= tan     ~ 


v/a        v/8        \/s  \/a 

1    *     -1  \A  ~  »* 

= 7=  tan  J  ■  ■      • 

v/2  V8* 


40 


(3  1 .)      / .  — .  !    X  ■=.     ,     dx  = ; 

J»S/X*  +  X  —    I  * 

/*         dz  p 


4 

1 


-(•-i) 


2  .     ,9*— 1 


.     .  2  —  a?        .     .  m  —  2 

—  sin"1  — — —  =  sin  * 


(3o.)    /- ,  Let  \  +  « - i 

2       1 

1  +  x1  =  2  -  -  +  -, 
z 

dz 

/»  dx  s*  z1 

p  dz  __  1        /*  dsr 

"         J  y/%Zi-%Z   +    l"        "V^  //        _1\2  l" 

1       ■  f  Vl  +«*  1  — a;   \ 

=        V^  °Slv/^(l  +.r)  +  2(l  +^)J 
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7^l0g{ WT*) { 


JLl  ^(1  +  *) 

"va  ogi-^  +  >/2^/r+? 

.  J_  log8  (1  +  *)  {1  -  *  -  ^3  s/lTtf} 
^2    g  1  —  2a?  +  a?8  —  2  —  2ar 

1.      (2(1  -a?-  x/2  x/l  +  a?2)l 
(33.)    /I ^       a    ..      Let  1  ^  rf  =  »V 

»•  =  ••>    ,    ,  1  +  ar  =  1    .     o 

21og#  =-log(s°-  +  1)| 

"*#     ==  ~~  S2  +    1 

:~  V2C0     V2~~  v^co       3*1 


+  *a 


Let  0  =  cot* 


-^-av/L 


*/2# 


cot  6  = 


cos  y  = 


cote  _  VSa? 
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cos  8  =  V  rr5'    •'• 6  - cos_1  Vrf5 

y"  </#  _     1         _,        /l  —  ar 


(34-}  jfc 


<f^' 


(i-^)v/(i  +  *•) 


Let  1  +  %"■  =  *-«2 


1    0? 


*»    -    1  «-  -    1 

2  log  #  =  —  log  (z1  — •  1 ) 
Jo?  J# 


**  —  1 

dz 


'J (l  _  xl)xz  ~       J   z1  —  1       *"  —  2  "      i/s? 
1     .     (v/iT^+n/2^)2^     1  y/T^+N/to 

2  vs og  i  +  **  -  a*1       <v/a  °s    v/rr^ 

C35  ^     / /  '    t  ±r.      Let  1  +  x  =  - 

on  = 1  </#  = r 

I  1  °  11 

L_0_4fcsi  —  +t  — i  +  -  — 1  =  1  + r 

#  z  z        z 
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y^  dx  p  dz 

Z      X  z 

r        dz  _         r rU 


n 


=  ~  log  fs/^  +  «_!+«  +  - 


=  ->«{^ 


y/l  —  #  —  #2  1  ,    1  \ 

+  #         +  1  +  a       2  J 


M ^r+io / 

f  8(1  +  *)  1 


(-2(1  +^)(^  +  3)-2\/l-^-^)l 
D  I      a3  +  6x  +  9  —  4  +  4*  +  4«8     y 


,      2  (1  +  x)  (x  +  3  —  2  n/1  —  *  —  or) 

= l0" — - — 6irr*F 


—  —  / 7— _L_r>.   =  COS""1 — . 


:  ORAL  CALCULUS. 
dx  1  d  z 

IF 


/*      d  x 

,   ~3.  Lets=-,      dx  =  - 
(a  +  bar)z  z 

/dz  /-»      z  dz 


«  (as2  +4)i        «(«  +  J«2)4 

/xdx  ^___  f* 

*    ,— —    =  -  as/ T-ar  +  y  */T^a?d* 

/»      eta 

=  — Wl— a?*  +    / 

*/     V  1   —  4T 


1  2 


»      /i s         1 


+    s  sin  -1  #, 


sin-1  x 


=  |«n-r «  —  (»-+»)  ^J 


9 
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(39.)  f^dSL   m*** 


2  2      -4-  i 

#  =  #5,  dx  —  -z       dz,  N/i»  =  ^t» 


/Jxdx    __%    r>     dz       __%    •    ~i  z 


a* 


3  .     .a* 


3 

X$         .      A  X1 


Let  0  =  sin""1  ~,    sin  0  =  — , 
a5  a5 


A  S1I1( 

tan  6  = 


Vl  — sin20  Va3—  #3 

(40.)       /* ^ j  =  fl dx 

J   {%ax+aFf     J{(x  +  af -a2)1 


Let 

x  +  a  = 

-,  d#  = 

— 

dz 

~z* 

= 

-/-5 

*» 

'  1 

3  —  a 

f 

=   • 

"At 

~«2^2)* 
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J_  1  _J_    ___} fl 

7  \/ 1  —  a '  «"  ™         a"    .    /  .  a* 

0  +  fl 


^  P%  zdz         1    /*     </# 

...  /I— if =  ~^WaI^  -^^wTi, 

=  —  (  — jv/^aa?  — »2. 

//i    i  -•■*  ,  px^dx  rx*  dx 

n  a?  dx  /»   .      ac3  <?# 

=  —  T7  n/  1  —  ff '     +      CxsjY^xkdx 
x1  /•    x  <fs  •*  x5  rfa; 

~  H  +  J  >/TZT?  ""  y  TT^T4' 
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'  J    ,j  i  _  ^  -  4  iJs/l 


#2      1 

—  — "  "j"  \/ 1  —  x*  4-  -  cos  ""*  (—  #2), 

LetO  =  7  cos-1  (-a2) 
4  x 

cos  4  0  =  —  #2 

tan  2  0  =  A  A-00849  =  A  /I±? 
"V   l+cos4  0        A/   1-aP 

a2  y>  -  «s  y*  =  «2  -  c2  x% 
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Xdx~       (c'-yj 

(I  x        a1  ?/(l  —  c2)  dy        c1  —  if  y  (1  —  C*)  </ ;/ 

•" =       -y?    * «j(i-2/o~ {i-?){*-fy 

/dx       /a-  —  c-  a;2  /*i/2  (1  —  cJ)  rfy 

7V   a*  -  ^     ~  J (1  -  f)  (cs  -  f) 

1/^1  1/^1  c    r    \  c     r   1 

r  "  Sy  i  +y  "  V  i  -y  +  %J  e  +y  +  a  7  c-y 

1  i      1  — y    ,    c  i       c  +  y 


(44.)  /it]  '* 

/I  +  x  ~2  dx 

Z  —  X~l    sjtf  _  a  +  jy-2 

/»  d  (#  —  a?""1) 


>/(«->  —  «)*  — (a  -  2) 


1  ,  a"1  — #  1  ,     a^  —  1 

sec"1  —=  =   — sec 


\/a— 2  s/a  —  %  y/a  —  2  afJa  —  % 


1         cos-1  *^"-3 


>/a  -  2  #2-l 
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FOKMUL^E    OF   REDUCTION. 

y^     xn  dx 
\f  2  a  x  —  xl 

y->     xndx  rxn~l  (a  —  x)d x  n    x1l~l  dx 

y/2  a  x  —  x'2  J     s/%  ax  —  x2  J \J %  ax  —  xl 

,,  , ,  ',  (a  —  x)  dx 

Makings  =  xn~\  dq  =  \         -. r 

y/S  ax  —  x2 

and  .*.  ^  =  (w  —  1)  #n~2  <##,  #  =  \/2  ax  —x2, 

we  have  fpdq  =  pq—  fq  dp)    .\  f—p^====== 

J  \J  %  ax  —  xl 

=  a?-l<y%  ax  —  a2  —  (ft  —  l)fxn~2\/z  ax  —  x2dx 

==a;M-1  V2  aa  — ar  —  (ft— 1)  .  2  a  /      _^=r 

*/  \/2  ax  —  w1 

xn  dx 


mS    r       xudx 


Substituting  this  value  in  the  original  expression,  we  have 
xn  dx 


y°     x   dx  

/£ =T3  ===  ~ ®n~l\/%  ax  —  x1 
\J %  a  x—  x~  v 

/         .\    /*    a^"ldx  r    xndx 

+  Sa  .  (ft-  1)    /-—==-.  (n-I)  /L_ == 
^\/3a«--^  J  \J  %  ax  —  x 

r  x1l~l  dx 
+  a  / 
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(\       /•         #"//./■  .       / , 

1  -f  n  —  1       /  —  ■       =  —  a;"""1  V  2  ^-r 

of1"1  da 


+  a(3n-  1)   / 


y-*     x   a  x 
v/2  a  #  —  5" 


a(2n-l)     ^_j^_dx_ 


/ar~l  a  x 
V^Tax  — 


n  «/     v  x  a  x  —  x 


y^     xn  dx  r*  n_l(a  -}•  x)  d  x  n      xn~l  d  x 

n/2  ax  +  xl     J  >/2  a #+#-         */    \/%  ax  +  a? 


This  becomes,  if  p  =  a?""1 


/a?"-1  (a  +  #) 

(a  +  a?)  rf#  y 

\/  ■* ax  ~j~  x 

rx"~l  (a  +  x) 

_  (n  —  })   f  aT'ty/si  ax  +x2  dm  sb  ar-*y/<i  ax  +  .r2 
_  2  .  a  (n  -  1 )  /  ■  -  (n  -  1)  /      , 
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Substituting  this  in  the  original  expression, 

xndx  ,     / ^   '*  ,    n   xn~ldx 


r>     x  ax  ,     / •*  N    /»   i 

/     , r  =  #"-1v/3aa  +  ^  —  2a  (n—  1)  /— 7 

J  sj)lax  +  x2  J  sj 


%ax  -\-  x2 
xndx  /»  xn~ldx 


A    /*     #>la#  /»  xn~ldx 

(n  -  1)  /     ,  :  -  a    /— 

*J  \J  %ax  +  #v         J  \J  fyax+a? 

f~l  sj^ax  +  x2       a(2w  —  l)    /■•  xn~ldx 

J  s/^ax  +  x2 


J  x 


n 
dx 


xnsj% 


ax  —  ar 


d#  __         p  dx(a  —  x) 


'  xn~l  J%ax  —  x2         J x 


x1l~l  \J %ax  —  xl  J x11  \J%ax  —  x2 


p        ax 
+  a  / 7 fa.) 

J  xnJ%ax-x2  K    } 


^T            ,  .                1         ,    ,          (a  —  x)  dx 
Now,  making  p  =  — -   and  a^  =  ■     . , 

x  \J%ax  —  x2 

and  .*.  dp  =  —  ttaT*~!  d#,     q  =  \/%ax  —  a?2, 

there  results 

/•  (a  —  x)dx      __\/%2ax  —  xl  n\J  Sax  —  x*,dx 

'  xn<s/%ax-x2 ""  2?  +  V  ^ 

\/%ax  —  x2  r _^ 

=  — H +  San  I 7=== 

xn  J  xn  \J  %ax  —  x' 


r        dx 

—  n  / - 

J  xn~x  sJSax  —  xl 
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Substituting  this  in  the  equation  (a)  we  obtain 

y~           dx                        sJSlax  —  x1                 p       dx 
r — / = —  2 an  I . 
&-  y/Xax  —  x1                    *                        Jxn\/2ax— a? 

P  dx  p        dx 

+  n  I +  a  I , 

J  xn~W%ax  —  of         J  xns/%ax  -  xl 

/n  «\  r        dx  y/Zax—x* 

.*.    a  (2m  —  1)  / = 

J  xn*J%ax-x-  nn 

+  (n-l)/*         *JL „ 

Jxn-W2ax-x'i 

y'_ j*fj %/%  ax  —  xl 
xn  <s/2ax  —  xl       a(2w  — l)o5" 
n  -—  1         /»  <£# 

/^         Jo? 

y"  ^  __    f  (a  +  x)  dx  n       dx 

xn~x \/%ax  +  x2     J  xn s/2ax  +  ar2         */ #n V2a# 


+  ** 


™  -»  17  («  4"  #)  d# 

11  jp  =  #  ■  and  dq  =   v  — 

s/  %2ax  +  a?'3 


i         r(a  +  x)dx  _  s/%ax  +  x2  Ps/Zax+x^dx 

J  xn»/2ax  +  x~  xn  +w/         a"*1 

_  •SSax+x*  P        dx 

x"       '  anJ  xn*J%ax  +  x1' 

p         dx 

+  n  I—     . =, 

J  xn~'s/%ax+  xl 

and  by  substitution  in  the  first  expression  there  results: 
/»  dx  __  */Xax-\-x: 

*  ■  .c"-1  n/  2  a  a;  +  xl  x" 
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.    /*       dx                    p  dx 

+  (Zan  —  ft)  / —  +  n  /  =, 

(1  —  ?i)          /L__^ */%ax  +  x2 

a(Zn  —  1)    JaT-Wjlaat+x*        xna(2n-l) 

p        dx 

J xn*S%ax  +  a?2' 

/T-s ^r«     We  have  ,  ., — — 


1  a2  1   f  <r  +  a?2  _Jl_! 

""  €?  '  (ft2  +  «')"  ""  <?  l(«8  +  «T  ~~  (^  +  »')"/ 


1  a;2 


a2     (aa  +  «*)"-1       a2  (a2 +  #*)"' 

1    px*dx 


/dx  ^     P        ^x  1    PA 


ifpa^(lp(^; 
a:2c?# 


2      i      «^»-l 


/*    a:'ftaj  —  x 

"Jiff  +  **)*  =  (2n  — 8)  (ft2  +  #2) 

1         r»       <## 

+  %n  —  %J  (ft2  +  a?*)"1 ; 


V  (a 
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d  x  1  x 


2  +  xz)n       a2  (»n  -  2)  (a2  +  xl)n~l 

dx 


l  r     dx  i     /* 


Also  for  /  7-^- — sr=  =  i  xm~ldx  -i  .  We  have, 

J    (a2  +  or)"      %/  (a-  +  #«)" 


if  f  =  ^",-1,  rf?  =  #  (a2  +  <*)-"  ^ : 


.*.   XL 


n    x   a  x 
J   (a2  -f  xy 

1  xm~l  m  —  1     p  xm~2  dx 

""  2— 2»  (a?  4-  ^"2)n-1  +  w*  — 2  */  (a2  +  a?0-)""1 

Ju  =  (a2  —  #2)a  dx 
(a>  _  ^y  =  a2  (a2  -  a;2)"1"  -  &  {a2  -  01)  %  \ 
=  o?  /  (a2  —  x*)  2    dx  —  /  x  .  x  (a2  —<  x2)  *  <f  4 

N 

.    n  •zJ  x(a2  —  x2f       u 

=  «2     (a2  —  x2)  ■    da;  +  -i £ ; 

J v  n  !• 

»» 
•.  KBU —I   4- - (a2—x2)   ■    eta 
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r       xndx        ^       a,"V2flg-^ 
J     \fi&ax—xl~'  n 


/%n—  1\     /»  tfn-1  dx 
a\      n      Jjy/Zax  —  ap' 

If  we  make  n  =  2  this  expression  becomes 

Also   / —  ^  =  —  v/^aa;  —  a;'4  +  a  ver  sin-1  (  -  ) ; 

J  s/Kax-x*  ^aJ 

x2  dx  x  x/Sax  —  x*        a       /- 1 

/#  —  .  = z. — _-  ^  %ax  —  xl 

s/^ax  —  x"  *  % 

Sa2  .      ,/x\ 

-j-  -r-  ver  sin      (  -  ) 

2  \aj 

(x  +  3a)     /- x    ,   3a*  .  _xfx\ 

=  —  i — s/2ax  —  x%  +  — -  ver  sin  2  f  -  1 

n     dx  I  ?L__.  a 

y  (a3  +  <r  =  2w  — 2  #  a2  (a3  +  a?*)—1  + 

Sn  — 3      1       r__^___ 
2^T~2  '  «?  'J{a2  +  xv)n-1' 

If  w  =  4  we  have  /-rs-: — ^r4  = 
^7  (a-  +  #3)4 

J_ 

6  a2  *  (a 


1x6     r    dx 

673  '  (a8  +  a;2)3  +  6a\/(a2  +  >)*' 


1NTJ  I.CULUS. 


y»     dx  1  x  3       /•    eta 

A1  /*        '/r  X  ^  .       1*         -1* 


.*.   the  required  integral  is 


x  o 


6  a2  •  (a2  +  ^       6  .  4  a4  (a2  +  ar)2 

5  .  3  a  5  .  3      J_  -i/^ 

+  G  .  4 .  2a6  '  a3  +  #2  +   6  .  4  .  2    a7  '     an      \a)' 

ydx 

The  formula  of  reduction  is 

1         (ar  +  1  )*       n  —  2     /■  rf  * 

(n  -  1)      &~*       ~  n—  lj  xn-2  ^  +  ^)f 

If  n  =  G,  we  have    / 

J    xr>  (1  +  <*)J 

1        (a2  +  1)*       4       f__Jf_ 

/■ <*a  _  1      (a^  +  l)*  __  8    /• </.r 

*/   *<  (1  +  tf)i  "        3  '         *>  I  J  f  ^  +  ,  ).</ 

/• </#_  —  (1  +  a2)* 
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And  by  reduction  this  becomes 

r        dx  _       1  (l+'jfr)*         4    (1  +  x*)\ 

J  sfi  (»*  +  I)*  ""       &        rf        +  3  .  5        ** 

4.  2      (1  +  x2)* 
5.3'""      x 

dx 


J  x1 


vV-i) 

The  formula  of  reduction  is 

ydx  1         (a?2 —  1)4       ?i  — 2    r_dx_ 

xn  (x1  —  1)4  ~~"  w  —  1  '      #w-1         »  —  lJxn~2(x2  — 1)4' 
If  n  =  6,  this  becomes 

/»    </# _  i   (#2  — i)4     £  /2_^1___ 

c/ ^(^-l)T"5  '    ~"""^        *  5\/  **(**-- 1)4  ' 

r      dx  1     (a?2—  1)4       2     r      dx 

also   / == •  * -       J_  —     I 

%/  x*(x2  -  1)4       3  a3        T3t/  ^(tf  _  x)4 

r      dx  _  (ar  —  1)4 

*/  a?2(V  —  1\4 


a*  (a?  —i)i  « 

Therefore,  we  have  the  required  integral 

-  1     fo2  -  1)*         4     (a2  -  1)4       2.4  (a* --1)4. 
""5*        a;5        +3.5         ^        +3.5         x 
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CHAPTER  IV. 


(1.)    ^L=x*(logxf       (log*)'^,       ^|  =  ^ 


#3  (log  a:)2      2 

U  SB   ^° 


—  -    /x2dxhgx 


I  x2dx  log  a? 


i  da  \ 


dp      I 

dx      x 


9f 


x*  log  X      1 


-if' 


dx 


__  a?  log  0      a? 
3  3  J    ~  '        =       3  "9' 

#3(log#)2      2#3  log  x       2#3 
.'.*  = 3 —  +  — 

=  ^{(log^)2-5log^  +  ^}. 
^    x^dx 

=  j(log  *)-*  +  jyij  /**•  (log  •)"« 


7>  =  (log  »)~"  i  rf<?  =  a-1  i  * 

j  1„  s_i(      <*#  «' 


q=v 
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Similarly  integrating  by  parts, 


y~*  3  *  3  3  /"*  5 

afdxQ.ogx)''*  =  -r-(loS  ^)~5  +  Z — 7    /*W*(log*)~^ 

hfidm  (log*)~*  =  j(log*)~*  +  _.  p^dx{\o%x)~\ 

*\Z*(log  a?) "«  =  j  (log  a?)""*  +  __     tfdx  (log*)— 2, 


4  \/log  * 


t*  = 


4v/lo^  t    +  8 log*  +  (Slog*)2  +  (Slog*)3  +    C,J# 

dx 
p  xxdx  /»    5        x 

®->J  Q^Hf-J    X    (log*)8' 


p  z=.  x*  dq  = 


<#^  =  hx*dx      q  =  — ■ 


dx 

x 

(log  *):i 

1 


2  (log*)2 
*5  5    /*  **d* 

=  ~"  2  (log*)2 + ^y  (log  *)2' 


TM  !  no 

In  like  manner, 

„    prfdx 


y*    ar  x*  p 

2  (log  xf  =    "Io^+  V 


2  (log  xf  lug  x         J    log  xy 

&  $&  25     rxxdx 


2  (log  xf       2  log  x  T   %  J  log 


25    rxxdx 
x       2  ,/    log  #' 


£  =  rf  ^  =  a*   J 


I  c?p  =3  #2  J#         q  =  — 

a;3  a-1       3      /»       . 
A  Aj 

/  a*  or  rfi»  b= I  ax  x  ax 

r  t         a's         1      /*'    ,  a*  x        a* 

J  A  ALA  A   \    A  A  /J 

r#3     s*8     ?>x      o  ■> 

(5.)    /or*  (Jog xfdx    p  —  (log a?)3     dq  =  x*dx 

x  4 

/"*  &'*  3    '  /  * 

/  x*  (log  xf  dm  =  —  (log  xf  —  -  i  x*  (log  »)■  efa 

#3  (log  a)1  tifa  —  —  (log.r)"2  —  -   I  x]  log, 
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/  a?  dx  log  x  =  —  log  x  —  -   /  a?  dx 
x*  .  1     4 

.\   I  #3  (log#)3  dx  S3 

^4  f  ,1        ^       3/i        no    ,    3.2.  3.2\ 

—  |  (log  #)3  -  -  (log  #)2  +  —  log  x  -  -r- J- 

(6.)    /  exx*dx  =  er  x*  —  4  Ar  ar1 da: 

/V  a?3  <f  *  as  e*  a;3  —  3   A'  a?2  cfa 
/  ^  #2  £?#  =  e*  #2  —  2   /  e5  a?  dx 
I  ex  x  dx  =  e*  a  —  /  ex  dx  ==  ex  x  —  ex, 
.-.   Cex  xx  dx  =  ex  (x*  —  4#3  +  12#2  —  24a;  +  24). 
(7.)    Le-Xx%  dx  =  —  <r-*#3  +  3  /V*#2  Jo; 
/  e~xx2dx  =  —  £-*a2  +  2  /  <?-*#  dx 
je"xx  dx=z  —  e-xx  +  /  e~xdx  =  —  e-^  —  $—*, 
.  .   re~*xidx=—  e-x(xi  +  3x2  +  6x  +  6). 
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(—1  .      *£  *  \ 

=  v/IT^iogif-/"v/l^r^^ 

-  yrr^iog,  -  A^=  -  Aj£= 

J  x  s/l+ap    J  %/\  +  xl 
=  v/'l  +  x1  log#  —  log — —  —  x/l  +  J? 

=  v/l  +  5  (logo?  -  1)  -  log 

1  +  V  l  +  *" 

(9.)    /  f  rf* ?_  =  /  ^  <te  -7 -T\— 

=/-{(^-"(S4)} 


=  «* =■• 

0+1 
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(1 0.)     /** — i /  =  /  evdx 

J    (1— ar)  Vl  — a*    J  (l-ir)Vlr^ 

a/  I  n/  1  _  ^        (1  — a?)  n/1  —  a^J 

J    [vrr#       wi  —  «/j 

xe*  dx  .,  er  d  x 


dp  =  dx         q  =  —   — —, 

J  2(e*— l)2 

/#£*  dx  x  1     r    dx 

(«*—  I)3  2(V-1)2  +  %J{firmXf 

x  1     r  dx        1     /»  e*  c?# 

=  7J  2(^-i)2  7"  2^/^  - 1  +  %J(f  —  \y 

x  1     Pexdx      1     re*  dx         1     /*  e'efo 

""""2(^-1)2  +  2c/  "e*  2^/6*  -  1  +  3i/(«*  -  1>2 

a?  1  g*  1      1 

~  ~  2(e*-  I)3  +  2    °g  s*  — 1  ~  5  *•  —  I 

-  §    °8  ^r  _  l         9  («■  —  1)  t      +  (?  -  1  J 


INTEGRA]     <  m.<  i-j 

(In 


(12.)    —  =  —  />  =  a*  JL=: 

dx  dx       xk 


dp 

a*     t    A    paxdx 


—    =  Aa*  q  =  —  ■— ., 

dx  1  3#* 


a*        a    pa*  di 

■-■u  =  -s*>  +  Hj  — 

Similarly, 

/aTdx___         ax         A    Pa'dx 
~xr"'  ~  2^?  +  "2*7     ~^~ 

(13.)      —    =   —  ^  =  *  — =SO», 


dp  _        1       3  a* 


.-.  u  = 1  H /  #     *aT  dx, 

A*1       2A«^ 

/'    — 3                  «r          3      /*    — ^ 
)  /    m    *a*dxwa — -  h /   *    -a*</# 

^  A  or*       %aJ 

/x~*ux  dx=  — ;■  H C x~~llaT  dx, 
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1      (  a 


3    /  a*  5     a*        \] 


A#2       ^  A      A# 


o»        (  -,     ,       1  3  3  .  5    p 


Another  result  may  be  obtained  by  the  following  method. 

=  x     ^ 


dq 


d®        s/x  P       a  dx 


'  x 

d  p 


=  Aax  a  =  2  xh> 

d  x 


Also,  ^/    axx2dx=  -axx*  —  -  A  /  axx*dx. 

/    a*  #1  d  a?sr  -  a*  s«  —  t  A  /  a*  x*  d  x, 
Caxx*  dx=  -  & s£  —  s  A^/  a* ^<J#, 

sb  a  a*  «'  —  a  AS    -  a*  x*  —  -  A  (  -  ax  a? 
[3  3      \5 

2.2         7    >     \ 

—  -  A  -  a*  #*,  &c.  ) 


.*.  u 


ax      r 

Att=s ~    J 

A  V  #    t 


(&r  A)2        (2  a  A)3       (8  a?  A)* 


2  #  A  —  v     _    y    + 


'       3.5  3.5.7 

+  &c  .}• 
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(11.)  '—  =  x>1  *&  =  xm  \  1  +  n  x  log  x 

n2 
=  ftf"  +  »«•+>  log  x  +  -  *•+'  flog  #)2  +  ftc., 

+  [^ y1  *m+2  (ios^)2  ** + *c. 

xm(\ogx)ndx= )  (loga?)*1 (logs)*-1 

n(n-l)(n-g)...3.1  j 

#,n+1  log#d#=  - j  log  # 1 

*"+»(log*)'rf*=  f-_    {(log*)* 

xm+*  Qogxfdx= \  (log  xf -  (logz)2 

0        1  G        ^ 

Arranging  the  terms  according  to  the  powers  of  log  w% 

B   9 
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r      ,7_*m+l    nar+'2    n2*m+3    n3*w*4  » * 

f  ^+2  wam+3         w2tf*+4    ,    ? 

-f  n  log  x  < —  + —,  &c  > 

5      lm  +  %       (ro  +  8)        (m  +  4):i        3 

+— ^  •>"  isr+8  -  osm? + H 

If  ^  =  0  all  the  terms  vanish. 
If  x  =  1,  /  xnx  ,xm  dx  becomes 


n 


1 L  See. 


m  +  I       (ro  +  2)2   '  (m  +  3)*      (m  +  4)4 
,  '     .    tfw  logs:  .  dq  1 

(15.)     -r—  =  — -^ »  =  log#         —2=--; - 

k      J   dx       (l+xy         *         5         dx       (I  +  x)2 


dp       1 


log  # 
1  -|-# 


dx      x  \  +  x 

/dx 
*  (1  +  *) 

log  #  r  d  x         r>     dx 

""*  r+~#  y  *#  y  i +* 

log  0? 


1  4-# 


4-  log  a;  -  log  (1  +  #) 


1  +  r 


log  x  —  log  (1  4*  x). 
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CHAPTER  V. 


)dS 


(1.)  f  sin*  Qd8  = /"sin  8  (1  -  cos2  6) 

=  /  sin 9  dO  —  /  sin 9  cos29 


de 


A   cos3  0           cos  9  (1  —  sin2  9) 
=  —  cos  9  h —  ==  —  cos  9  H — - ; 

o  o 


2    .   cos  9  sin2  9 
=  _-cos9 __ 


(2.)     fcos3QdO  =  /cos  6(1-  sin2  9)  <J0 

=  /cos  9  d  6—  /cos  0  sin2  S  d6 


.     A       sin3  9         .            sin  9  (1  —  cos2  9) 
=  sin  9 —  =  sin  9 ^— ' 

o  o 


k2  sin  9       sin  9  cos2  0 
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.ft.      rdO  /  (sin2  Q  +  cos2  6)^0 


sin3  0 


J    sin  <9     ^/ 

/Acos6d6  1  I     /»sin 

cos  0     .  q    ■•  =  —  cos  0  ■     .  0  „  —  -    /   — r 

/»  dB      __  1     /»  dB        1  cos  0 
sin3  e~~%J   skT0"~"2sin20 

=  i  log  (  tan  -  )  —  - 
, . .        p  sin3  6d6        p 

<*•>  j  i5Fr  =y 


cos2  0^0 
sin3  <9 

sin  6d6 


0  \       1  cos  0 

sin2  0 

sin0J0        /»  sin  0^0 


cos40 
1  1 


cos4  0 


-/ 


cos2  0 


3  cos3  0       cos  0 


=  5 Th\o  -1  +  sin2H 

3  cos3  0  C3  J 


_  _L_  /  sin*  0  -  |l. 
3  cos3  8  1  3  J 

(5.)     / a?2  tan~l A/  -  dx.     Let  -  =  #2 


x°  =  a°  ar 


a;8d[«  =  2fl3  #5  rf#, 


.-.   /  #2  tan-1  a/  -  dx  =  %a?  j  z5  tan""1  #^2 


jj  =  tan""1  # 
1 


dp  = 


1   +S8 


J# 


rfj  =  2  a3  #5  d  # 


3    ' 
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<**•        ,  <£■    r    z' 

=  _(*o4.1)tan-.*--T{--3-+l} 

=  a  \— ) tan  V i  -  rfr its*  -  3-«+ x J 

(6.)     —  =  cos6  6        p  =  cos  ^         --^  =  cos  0 

-^  =  — .  5  cos4  6  sin  6    q  =  sin  0, 
.-.     r   cosc0^0  =  sin0cos50  +  5  y\»0s4  0  sin2  0  d  0 

=  sin 6 cos5 0  -f  5  ^cos *6  dx—  6   fco^Bdx, 

.-.   /   cos6  Odd  = - h-    /   cos40</0. 

Similarly, 

/I  3     /» 

cos40d0  =  -sin0cos30+-    /  cos2W0 
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/l  1    /•  1  0 

cos20d  0  =  -  sin0  cos  0  +  -    I  dS—  -sin0cos0  H — 

/„.            sin0  cos50         5    fl    .      .       _  3 

cos6  0  d0  = +  -    \-  sm  (9  cos3  0  +  - 
6  6    (4  4 

(-  sin  0cos  0  +  aJ? 
.     „  Ccos5  0      5  cos3  0      5  cos  0^       5  0 

=  smn-r  +  -2T-  +  -T6-}  +  i6- 


(7.)      —  =  sin2  0  cos4  0  =  cos4  0—  cos6  0. 


But  from  preceding  example, 


30 

8 


/4aja        •    /,  fcos30   ,   3  cos0) 
cos4  BdS  =sm  0  <— 1 —  >  + 

/« /i  ^/i        •    a  fcos5  ^   .    s  cos3  #       5  cos  0)        5  0 

.    „  C       cos5  0      cos3  0       cos  0 1        0 

.*.  %  =  sin  0  <  • .  4-  H >  a 

X  6    ^      24    ^    16    J  ^  16 

.     -  f      cos3  0       sin2  0  cos3  0       cos3  0     cos  0  7        0 

.     .  f  sin2  0  cos3  0       1        .  ,„        .  „  ^       cos  0")         0 
=  sln,| _ gcos*(l-Sm^)  +lr}  +  jj 


sin3  0  cos3  0       sin3  0  cos  0      sin  0  cos  0       0 


' 


du 


(8.)     -j-  =  sinG  0  cos3  6  =  sinG  0  cos  0  —  sin8  0  cos  0, 


sin7  0       sin0  0  .  . 

lt»  — --  =  sin7 


8-*9 


.       n      i  _  cos2  01 

{     9      ^  63) 
(  ''    y    sin*  0  1/      sin50   "V    sn? 


cos20dtf 


/cos*  Hi 
sin5 


2?  =  cos  0 

dp 
\dl 


dq        COS ( 


db        sin5  9 


•  sin  0     #  =  — 


1 


4sin40 


/cos20d0  _  cos0  1     r  dB 

sin50  ~~  4  sin4  0  *"~  4*/  sin*  0' 

-  r: 


♦3$    J$ 


cos0         3 
4sin40       4^    sin30' 

cos0         1     p  dB 


/dB  cos0         1     r  dB 

sin1  0  ~~  ~~  2  sin2  0  +  Hj    smfi' 

/dB  cosfl  I        /        0\ 

sln^=-Slin^  +  2l0gltan2>)' 


H 


=  —  cos 


cos  0         3  cos  0       3 ,      /       0  \ 
f     1  8     I       .1 ,      /       6  \ 


■  s 
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r  dB         /-sm2e dQ       r  dd 

^      '  J t  cos6  6  ~~J      cos60     4 J     COS4 

J^        sin  9 


^9  =  sin  i 


<?0  COS0  0 


~T7   =  COS  P 


rf  9  *        5  cos5  9 

''sin2  ^6?  (9         sintf        I    /^tf 


cos60     ~~  5cos50      5c/  c 


cos40 

4    /»  Jfl 

M  ~~5cos50       5,7    cos40* 

Similarly, 

/<#<9  sin0  %     /    d6 

cos4  (9  r=  3  cos3  (9  +  3^ 


cos20 


sin  0         2  sin  0 


+  r> 


3  cos3  0       3  cos  9 


sin  0         4  f   sin  6        2  sin  0 


+ 


f   sin  6         2  sin  6 1 
5  cos5<9   '   5  1 3  cos3  0  +  3cos0j 

_    .        f 1  4  8      ^ 

*  Sm     15  cos5  0  +  15  cos3  0  +  15  cos  0J 

(\\\    du.  —  sin5  ^  _  sin^  (1  —  2  cos2  6  +  cos4  0) 
^     '     dd  ~~c^"~~  cos2^ 

sin  0 


cos2  (9 


2  sin  0  +  sin  S  cos2  0, 


I         _        A      cos3  (9 

?*  =  H  +  2  COS  ^ — 

cos0  3 
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If,  _         „-        COS4 01 

=  — A1  +  2cos2<9 —  [• 

cosflj  3    J 

If,      ^      ^   .  o*      l-2sin29  +  sin49) 

= \  1  +  2  —  2  sm2  0 — — I 

cos0(  3  J 

1     f  sin4  9       4  sin2  9       81 
~~  ~"  cosl  (    3      +       3       ""3}* 

ma\    du      cos4#  dq       cos  9 

(12.)    -rxss-T-rs      ^  =  cos39  -f= 

v      ;     dO      smJ<9      ^  r/9       sin3  9 


-^■=  —  3 sin0cos20     a  =  —  ^   .  ,,  . 
d0  *  2  sm2  6 


cos30        3     /» cos2  B  dS 
'  ~~  2siir<9~~  2  J      sin0 

cos30        3     r  cos2  Odd      3    rcos4  6  d8 


/cos~  6  dB      3    rcosA6< 
sin3  (9     +  2^      sin3< 


2  sin2  0       2  J      sin3  (9      r  2^      sin:i  0 

___  cos3  (9  r  cos2  BdB 

U~*i$?  +  1/     sin3  0 

e?£        cos  ^ 


j}  =  cos  0 


rf<9       sin3  0 


*  ■  =  —  sin  0  q  =  . 


tf  <9  J  2  sin2  0 

*cos?  OdQ  cos0 


/cos2Bdv  _         cos  6        \    r  d6 
sin' (9  "2siir^""  2,/   siiu9 

±log(ten£} 


COS0 

2  bin2  6 


84  EXAMPLES    ON   THE 

cos3  6       3  cos  6      3 


sin20        2sin20 


-5log(tan£) 


1      f  3cos0)       3.      /       6\ 


4  i\M     - 

,      v     du  __  1 1 


d  S      sin2  0  cos3  0       cos3  0       sin2  6  cos  0 


sin2#  1  1  cos0 


'        nna  A      "»      AAQ  /J    "•       oii.1  i 


cos:i0       costf       cos#       sin20 

s*  sin2  6  dO        ^    P  d6  1 

u  =  /  «-  +  2  /  — -  -  — 

,/       cos°  0  J    cos  6       sin  i 

2?  =  sin  0 


>sin20d<9    .    ^   r  dB    ^ 
dq        sin  0 


d0       cos30 


dp  .  1 

""    ;    =     COS   0  £     =    j 


/sin2  6  dB  ___   sin  0        1     n  d6 
cos8 (9    '"""  Scos2^  ~"  2  */    costf' 

___    sind         §     r  dB  1 

""  2  cos2  ^       H  J  cos  6       sin  0 

i    ci  —  cos2^     _-i     3,     r     /*     e\\ 

= s-i^iT^F  - *] + 2lontan  U  +  §)} 

1     f      1  3)       3,  /«       <9\ 

=  S*lw* -  5J  +  a log  tan  U  +  5> 
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dO       sin*  0  cos2  0       sin2  0  cos- 0       sin4<9 

1  1  1  cos2fl 

'  cos'-  6  +  sin2  0      sin*0      sin4  0* 


M  =  tan0  +  3/    T-T5  +  /  -^r 
*/    sm2  0     */      sm4 


cos2  0d6 
T 


j 


dq         COS  # 

;;  =  COS  0  -r^  =  -: — r- 

cos20</0}    i  d0       sm40 

sin40    )  rfo  .     .  1 


1  3  sin3  0 

cos0        \     r  dQ 


3sin:i0       3i/    sin20 

cos0  5     /»  dO 


San'l  +  ^  +  s/sFa 


cos2  0  sin  0       5  cos  0 


,  +  TTT*- 


3  sin3  0  cos  0      cos  0       3  sin  0 
1  —  sin2  0        3  sin2  0—5  cos5  0 


3  sin3  0  cos  0  3  sin  0  cos  0 


1  1  +  3sin20-  5cos20 


+ 


3  sin3  0  cos  0  3  sin  0  cos  0 

1  4  (sin2  0  —  cos2  0) 


1 18  0  cos  0  3  sin  0  cos  0 

1  8  cos2  0  —  sin2  0 

8  sin"  0  cos  0  8  2  sin  0  cos  0 

1 


0  cos  0   8 


-  cot  2  0. 
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(15.)   ^  =  tan49  =  tan2  0  (1  +  tan2  0)  -  tan2  0 

=  tan20  (1  +  tan20)  —  (I  +  tan20)  +  1, 
tan3  0  .       A 


.'.    u 

=  — tan  o  -f-  y. 

o 

-^    — rTvn 

('••)  w; 

1           1  +  tan2  0           1 

""tan50            tan50          tan30 

1  +  tan2  0       1  +  tan2  0    i      1 

tan50              tan:30        '   tanO* 

.1                          J     h    1    ~m  r) 

.*.    11 

~4tan*0  '   atan20+h'Lsin9- 

<"■>  3? 

=  G3  cos  0        ?)  =  03          -4  =  cos  0 
1                     dQ 

&-«?       «  =  M 

.-.  u  =  03sin<9  —  3  r&&n6dQ 

p  =  6*        ?|=sin0 

fb2sm6dd  =  —  <93cos<9  +  sfbcosO  < 
P  =  6        g=cos* 


INTEGRAL   CALCULUS.  87 

/#  cos  6  (IB  =  6  sin  6  — /sin  OdO  =  6  sin  6  +  cos  0, 
.-.  M  a  B's'md  -f  302cos0  —  G ^ sin <9  —  Gcostf. 


~  *    du  x1        . 

(18.)    —  =  — sin"1  x. 

dx       y/l—tf 

m    .  x~dx  da 

To  integrate  —  p  —  x       — 


sj\  —  xl  '  ilx        \Zl—ar 

dp 
dx 


-1  ^  =  -^1-^ 


/* — ,.  ^       =  —  a?  v/l  —  &  +   /  y/i  —  xldx 

k  '        sj  1   —  X2  J 


x~dx 

-_~,/i-r^+  r    dx      r  *** 

—   —  X  \/   1  —  X     -f-l  —  /  ,: 

x2dx       .     _ 
Ts  ext,  to  integrate    — ,.  sin  x  a?, 

dx       sj\—xl 


dp 


x      / r       1    . 

(Z  =  —  0  V  1  — *'  +  o  sm     w> 


dx       Jl—x1 
.-.  u  =  -  (sin"1 »)*  —  -  ^/ 1  —  .^sin"1^  -f  -    /  *<** 
1     /^eixi^adx 

y/l  —X* 
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1,.,     '    X2      cos/ 1—  x*                 a?        1     . 
=  -  (sin  l  xy ^— sm  1x  +  — (sm  !  #)~ 

1  >  .  _!   vo      a  \A  —  #3  •  -i      ,  ^2 

=  -  (sm  1xY *-_ sm  1  x  +  — -  • 

4V  &  4 


(19.)   —  =  -sm-1  a?. 

dx  (l_tf2)§ 


p  =  sm  *  # 


dx       (1—^)1 


^  _         1  _         1 

sin""1  #  /"•    ^# 

star1*         1  r     /»   dx       t>   r__^f\ 

sin-1^;         .      v/l  —  # 

=      ,  +  log  v, • 


.    <?m  a?2      ,       . 

(20.)   ^~=r- — itan"1^. 
v       '    d#        1  +  x2 

i  cfa  #3  _  1 

p  =  tan"1  X  ■=—  &s  - — ; r   =  1    —  ^— ; 5 

^  dx       \  +  x2  1  +  ar 

d»  1  ,        _a 

—  s= -  q  =z  x  —  tan  A  #, 

d#       1  -f-  ar 

#«?#         /itaiT"1  re  <fo 


.     ,  .    N         p  xdx         pmx 

.-.  u  =  tan"1  #  (#  —  tan"1  x)—i  ■         *,  -f  /   — - 
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sss  tan-1  a;  (x  —  tan"1^)  —  log  \/l  -f-  ar  +  ^  \ 
=  x  tan"1  as  —  -  (tan"1  x)1  —  log  >/l  +  x\ 

('21.)    —  =  a«  sin2 a:. 

(IX 


dq 


p  =  sm'  x  —±=e 

ax 


a  i 


o.ax 


dp  .     .  6° 

—  =  2  sin  a;  cos  ^    0  = 

1  2    /* 

n=-earsin2a' /  tfa*  sin#cos#dfa? 

dq 


p  =  sin  #  cos  £ 

'*                      2                   •     9 

-—  =  cos2  x  —  snr  x 

(1 X 

q=ir 

=  1  —  2  sin2  x , 

sin  a;  cos  a*  dx 

.-.    ieax\ 

1  1     /"*  2    /* 

=  -  ear  sin  a;  cos  a: /  eax  dx-\ /  ea*  shr  x 

a  a  J  a  J 

1      nr     •     2  2       „      '  2      •"  j" 

.-.  u  =  -  eaT  snr# -ear  sm  8  cos  a;  H r , 

a  a*  a-     #  dl 

/  4  \       £a*  sin  a:,      . 

.-.  u[  1  H — -  )  = (a  sm  x  —  2  cos  an  H — j 

\  a"  /  a~  '  as 

Sin  X  (a  sin  x  —  2  cos  a:) 
.-.   |4  a-  ^ i  j . 

<r  +  4  «(<r  +  4) 
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'     dx  ""  (a  -f  b  cos  x)2 

Assume 

r*         d  x  _      A  sin  a?  p       d  x 

J   (a  +  b  cos  x)2  ""  a  -f  &  cos  a;         a/    «  +  &  cos  # 

Taking  the  differential  coefficients 

1  A  cos  x  (a  +  b  cos  #)  -f  6  A  sin2  x 

(a  +  &  cos  a?)2  ""  («  +  5  cos  x)2 

B(a  +  Jcosa;) 
(a  +  &  cos  a?)2 

.-.  1  =  A  cos  a?  (a  +  b  cos  a?)  +  b  A  sin2  a?  +  B  (a  +  £  cos  a?) 
=  Aacosa;  +  A  6  cos2  a?  +  A#sin2a?  +  Ba  +  B&cos# 
=  (A a  +  B&)  cos  a;  -f  A&  +  Ba. 

Equating  like  powers  of  (cos  x), 

A«  +  Bi  =  0,  .'.  A  = B 

a 

Ab  +  Ba=  1 
b2 


l(-- +  .)-!, 


A  =  ~ 


B  = 
5 


a2-&2 
d  x 


J     («  -J-  &  cos  #)2 

sin  a;  a  r*        d  x 


b             sin  a;  a          n        a  x 

ar  —  b2  a  -\-  b  cos  a:  a2  —  b2  J     a  +  b  cos  x 

1       r  —  £  sin  a1  /»        da?       ") 

—  a2  —  62  \a  +  6  cos  a'  ,/     a  +  6  cos  a;  J 
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(23.)  To  integrate  e™  cos  fta\ 

Let  j)  =  cos  kx        dq=.  eax  dxt 

dp  =  —  ft  sin  kx  dx      q  =  — , 

a 

/-.n         P  77  0ajf  cos  ft.r       ft     /»       .    _      _ 

(1)  .*.  leP*  cos  £#a£  = h  -    /  ^sinftxao?. 

J  a  a  J 

/^\     /*      •     7  ^ar  sin  /car       ft    /»    „  _ 

(2)  jef"  sin  ftx</#  = /  6°*  cos  ft#</#. 

k 
Multiplying  equation  (2)  by  -   and   substituting   in  equa- 

a 

tion(l) 

/7     7     /,       £2\       eaxcoskx       ke^sinkx 
e^  cos  #.ra#  (14---)= 1 - > 
\          a- J              a                    a~ 

/.     T          ^(a  cos  kx  +  ftsinft#) 
e**  cos  kxdx  =  — - : — -• 
a*  +  kl 

(24.)  To  integrate  e—*1*  sin  ft  or, 

;>  =  sin  kx  dq  =  er°x  dx, 

dp  =  k  cos  ft  *  q  =  — » 

/'        .     ,       ,  e-<us'mkx       ft     /*  - 

(1) .-.  /c'-^sin  ft  a:  aj?= h  -   /  ^"^r"r  cos  kx  ax. 

J  «  « c/ 

(2)  /  <?-*"  cos  £* 

C**  Cos  fcg       ft     /*         .    _ 

ss /  r^sin  kx 

a  a  J 
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Multiplying  equation  (2)  by  f  -  J  and  substituting  in  equa- 
tion (1) 


/• 


q— ax  g jn  foxdx 


e-ax  sin  frx       ke-ax  oos  kx 


a  ar 

k2 


e™  sin  kx  dx 


or  J 

cfi  -f  k2    r          .    _      _              er**  (a  sin  kx  +  k  cos  kx 
-—    /  e-ax  sm  &#  &x  ___ v , 

a1     J  a2 

/mm  .     ,                    tf-**  («  sin  kx  -f  &  cos  fc#) 
e~a*  sinhrfa  = 5 = n 
a4  4-  a;" 

(25)  f  d6  ~f    ***"* 

}J    a  cos2  6  +  6  sin2  0     ^  a  +  b  tan~  (9 


W(tan0)  1         ~i/  /J\ 

*/  (1  -  *2  cos2  <9)§~  "~  /  (1  -  «*  +  **  sin2  tf 


■/: 


cos0    .. 
sind  0 


--/- 


ft  *  (ritftf) 


^^(aw+rr?)1 
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1 


sin  6 
~~  (1  _  ^)  ^/i  -^  +  *28in20 

___  sin  0 

"(1-^)^1  -  a«  Cos20 

(W.)    A  cos  2  0)5  cos  0  d  6  =  /(I  -  2  sin2  6f  cos  (9  d  6. 

Let2sin'<9  =  *2  d#  = 


\/2  cos  e 


__  (1  -  a-2)!  dx  _  (1  -  2a?2  +  *4)  <ta 

dx                Sl&dx  xA  dx 

\/2  du  =  —7 ,  +  - 


=  _v/l-,-(T+—  j  +  gam-"., 


•.    \/Zu  =  sin-1  a;  -f-  x  \/ 1 


n-i 


ar  —  sin  ■  g 
8*\       3 
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4-  -  sin"1  (>/2  sin  6), 

o 
w  =  y/c^T^  S-^(5  -4  +  4  COS2  0) 

=  ~|~  (3  +  2  cos  2^)  \/cos  8  6  +  g-£-  sin"1  ( ^/S  sin  B). 

(9ft  \     C      sm0dQ  r         sin  6  dS 

J  \/sin2  a  —  sin2  6     J    *J  cos2  6  —  cos2  a 

__         p       d  (cos  0) 

~"  ""  /      /        »/i  2      =  *~  l0^  Vv/COS2  <9  —  COS2  fl  +  COS0) 

^  v  cos-  0  —  cos2  a  v  ' 

=  —  log  (^/sin2;*  —  sin20  +  costf)  -f  C. 
If  0  =  u,  u  =  —  log  (cos  a)  +  C, 

'  *         sin  0  d  0  ,  cos  a 


f         sin  0  d  0 
.'.  I  =  log 

•^     ~    \/sin3/%  —  sin2  A 


a  \/ sin3  a  —  sin2  0  \/sin2  a  —  sin20  +  cos  0 
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CHAPTER  VI. 
ON    DEFINITE    INTEGRALS. 

In  the  process  of  differentiation  all  constant  quantities  which 
are  merely  added  to,  or  subtracted  from,  those  quantities 
which  contain  the  variable  disappear;  and,  on  the  contrary, 
after  integration,  there  may  he  a  constant  quantity  connected 
with  the  integral  which  we  have  not  in  that  operation  ob- 
tained. The  letter  C  is  therefore  added  to  every  integral  to 
represent  this  quantity,  and  in  order  to  determine  its  value 
we  must  in  the  first  place  find  what  particular  value  of  the 
variable  makes  the  integral  O ;  we  thus  get  two  equations, 
both  of  which  contain  C,  and  between  these  two  equations 
C  may  be  eliminated.  For  instance,  if  we  haxe  J'S or  d 4: 
=  a?  +  C  for  the  general  value  of  the  integral,  and  the  pro- 
blem indicates  that  for  the  particular  value  x  =  a,  the  in- 
tegral becomes  O,  then  O  =  aJ  -f  C;  by  subtracting  this  from 
the  general  value  of  the  integral  we  get  ar1  —  a*,  in  which  the 
constant  C  has  disappeared ;  this  latter  is  called  the  corrected 
integral,  and  is  written  thus, 


I     3x2dx  =  gfi  —  a3. 

J  a 


In  this  expression  the  value  of  the  integral  commences  when 
x  =  a,  and  if  we  give  another  value  to  x,  say  x  =  b,  then  we 
have  fully  determined  the  value  of  the  integral,  which  is  now 
written 

»5 

84*  <*#»&'_  a?. 


%J  a 


This  is  called  the  definite  integral,  and  is  said  to  be  taken 
between  the  limits  .v  =  b  and  x  =  a  :  the  former  is  called  the 
superior  limit,  and  the  latter  the  inferior  limit,  and  the  ope- 
ration is  called  integration  between  limits. 
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Iii  general  f  f{x)  dx  =  <p  (x)  +  C. 

In  order  to  determine  the  definite  integral,  we  must,  accord- 
ing to  the  nature  of  the  problem  proposed,  assign  the  proper 
limits,  which  we  shall  represent  by  a  and  b,  as  before;  then 
we  have 


%J  a 


f(r)dx  =  p(a)-<p(6). 


As  every  function  of  x  may  represent  the  ordinates  of  a  curve 
whose  abscissa  is  x,  it  follows  that  the  operation  of  inte- 
grating between  limits  may  be  applied  to  finding  the  areas 
and  lengths  of  curves,  the  volumes  and  surfaces  of  solids  of 
revolution,  &c. 


Examples. — Areas  of  Curves,  Volumes  of  Solids,  Sc. 

(1.)  The  general  equation  to  a  parabola  of  any  order  is 
ym  +  n  _  axmn  Then,  since  A  =fydx  taken  between  the 
proper  limits,  we  have  in  this  case 


A-yv 


,ni  +  n    „»i+n 


dx 


m  +  n 


m  +  2?i 


am+n   ^m  +  n    +   C# 


Then  we  perceive  that  the  area  =  0  when  x  =  0,  .-.  C  =  0 ; 
and  taking  the  above  between  the  limits  x  =  0  and  x  =  x, 
since  the  value  of  the  integral  commences  when  x  =  0  and 
ends  when  x  =  x,  we  have 


/.; 
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(2.)  The  general  equation  to  hyperbolas  referred  to  their 
asymptotes  is 


m+n 


am+n  ,  a 

,\    yn  = ,    and   y  =  — 

9  xm  * 


-»     ~~n~  r>    m+n       -- 

•.    A  =  I  ydx  =  / dx  =  /  a   n     x   n  dx 


xn 


m+n       n—  m 
11  n  n         .      „ 

a         x         +  C. 


We  must  here  determine  the  constant  C,  as  in  the  above 
example,  that  is,  find  when  the  value  of  x  makes  the  area 
=  0,  &c.  We  must  here  observe,  that  this  formula  fails 
when  m  =  n ;  for  then  A  =  C  -f-  or  log  x,  which  cannot  be 
determined  by  the  above  method. 

(3.)  The  equation  to  the  tractrix  is 
dy  y 


and 


dx  (a2  —  y2)4 

.  .     ydx  =  —dy(a2  —  /)*, 

A  —Cydx  =  —  J  dy  {a2  —  y)  • 


=  ->*-> T-S--5  +  C- 

Tl ifii  in  order  to  find  the  area  included  by  the  positive  axes, 
let  y  =  —  a,  observing  that  C  =  0, 

F 


98  EXAMPLES    ON   THE 


whole  area  =  — — ,         v    sin      1  =  -• 
4  2 


Since  it  is  shown  in  all  works  on  the  Differential  Calculus 
that 


dV 

dx 


-.»■- £-..«V>  +  (£)" 


it  follows  that  to  find  the  volumes  and  surfaces  of  solids  we 
have  to  integrate  these  functions  between  the  proper  limits. 

Examples. 

(1.)  To  find  the  volume  and  surface  of  a  sphere. 

The  equation  to  the  circle  referred  to  the  centre  is 
y1  =  r2  —  x2,  where  r  represents  the  radius  of  the  sphere ; 
and  as  one  value  of  r  lies  wholly  above  and  the  other  wholly 
below  the  axis  of  x,  we  must  integrate  between  the  limits 
x  —  —  r  and  x  =  r ;  we  have 

n  +  r  4tt 

V  =  *  /         {f  -  x2)  dx  =  ~—  r\ 

If  we  integrated  this  without  reference  to  limits,  the  ex- 
pression we  should  have  would  give  the  volume  of  the  segment 
of  a  sphere ;  and  we  observe  that  C  =  0  when  x  =  0,  since 
the  integral  becomes  0. 

Also,  s  =  %wf9  aJi  +  (  |)V  3*/;  vA  +.  £ 

=  2tt /v/y'^-f-  x2dx 

=  3*Y     V)  tftf=aVx  2r2  =  47rr2. 
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We  might  form  the  integral 

ZirfJJf  +xl)dx=cl<x  f>J7l  dx 

by  writing  the  value  of  y2  given  in  the  equation  to  the  curve. 
Hence  the  integral  =  Brra?,  which  is  the  surface  of  the 
segment,  whose  height  is  x. 

^(2.)  To  find  the  volume  and  surface  of  a  prolate  spheroid 
formed  by  the  revolution  of  an  ellipse  about  its  major  diameter. 

b2 
The  equation  to  the  ellipse  is  y2  =  —  (a2  —  x2),  where  a 

and  b  represent  the  major  and  minor  semi-axes  respectively. 
Hence,    V  =  77  /  y2dx  =  -  -j    f(a2  —  x1)  dx 

which  is  the  volume  of  a  spheroidal  segment,  remarking  that 
C  =  0.  Next  we  must  integrate  between  the  limits  x  =  —  a 
and  x  =  a;  then  we  have 

b2     /*+«  4 

V  =  tt  —   /       (a2  -  x2)dx  =  -  7:b2a, 
a~  J  -a  3 


and  — -  =  — 


\dxj  a-(a--x') 


dx  a  (a2  —  x2)*  \dxj  a2(a2—xl) 

a2  —  V 

h  we  write  r  for  — = — we  have 
ar 


1  _l  f*9\*__*  —  ** 


fdy\*      <r  —  e2x2 

F   9 
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nvhec     (a2  \  a2    .        ear) 

a  \     \  e2  J         ei  a) 

Here  C  =  0,  and  if  we  integrate  between  the  limits  x  —  —  a 
and  «  =  «we  have  the  whole  surface 


%irab 


|*(l_a2)*  +  sm-'e\: 


(8.)  To  find  the  volume  and  surface  of  an  oblate  spheroid. 
In  order  to  determine  the  equation  to  this,  we  merely  have 
to  change  a  into  b,  and  we  have 


and 


Integrating  between  the  limits  #  =  —  b  and  a?  =  -f  b, 
observing  that  C  =  0;  for  V  =  0  when  x=0,  ,\  the  whole 
volume 

and  the  surface  of  the  oblate  sphere  may  be  found  in  the 
same  manner  as  the  last. 

(4.)  To  find  the  volume  of  a  circular  spindle. 

Here  let  O  be  the  centre  of  the  circle  of  which  -ACB  is  a 
segment,  and  let  OC  =  the  rad.  =  r  be  perpendicular  to 
AB,  OD  =  a  ;  GD  =  x  and  the  chord  AB  =  ^c;  GF  =  y ; 
(see  figure  page  103 ;)  then  we  have 

r2  =  a?  +  O  +  a)2, 
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.-.  y1  =  r2  —  a2  —  x2  —  2ay, 

V  =  x  f'fdx  =  Tr/^r2  —  a2  —  x*  —  2ay)  J# 

=  r  {^J  jj  «•)*  +  _  _  Zafydx} 

Xs 
=  7t  {(r2  —  a2)x  —  —  —  2a  x  gen.  area  DGFC}  +  C. 
o 

Here  C  =  0,  and  the  above  gives  the  volume  of  the  frus- 
tum HECE,  the  double  of  which  is  the  whole  frustum  HFIL. 
The  limits  are  #  =  —  c,  and  x  =  -f  c,  we  have  volume  of  the 
spindle 

=  27r{Jc3  —  a  x  gen.  area  A CB}. 

(5.)  To  find  the  volume  of  an  el-  Jr^f^^ 

lip  tic  spindle. 

Let  ACB  be  the  generating   arc 
of  the    ellipse,    in   which   AD  =  c,    / 
OD  =  i,  MO  =  a  =  semi-axis  major, 
and    OC  =  b  =  semi-axis    minor;    DG  =  x,    and    FG  =  y. 
Then  from  the  property  of  the  ellipse  c  being  the 

a  :  b  : :  (a2  -  x2)*  :  -  (a2  -  xf  =  PF. 

Hence  y  =  — —  —  t, 

a 


•••  y2=  —  (a~  —  x2) h  r, 


.-.  V  =  7t    I y2dx 


<f« 


=  *  /{* *  -  i*_  SW  .  -  (a'  -  •*)'  +  2  i 


3c2  — # 
=  volume  of  ECFH,  and  when  x  =  c,  C  =  o, 


=  tt{^2  #  .  — ^ 2*  •  area  DGFC}  +  C 


1.03 


.*.  we  have  it  {b2c  . 
Zb2 
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3c2-~c' 


3  a2 


%i  .  area  DAC}, 


or,  v  <  £—3  .  c3  —  2i  .  area  DAct 


the  double  of  which  will   give   the   volume  of  the  whole 
spindle. 


(6.)  To  find  the  volume  of  a  hy-  £-    A 
perbolic  spindle. 

Putting  i  =  the  central  distance 
O  D,  c  =  AB,  and  retaining  the 
notation  employed  in  the  last,  we 
have  by  the  nature  of  the  curve, 

OM  :  OC  =  b  : :    >/(a2  +  x1)  :  NF  = 


b  >/  a2  +  x 


.  .  V  = 


.-.  y  =  OD  -  NF  sa  i  — 
=     fydx 


b  s/a*  +  tf 


^y^-^  +  ^  +  s^j^ 
r^.  *2*/i  .    *2\l 

=  *■  J 2t  X  area  GFCD .  I  -  c2  —  —  J  >  +  C 

L-             ^             &2#      /3c2~4a?2\) 
=  ir  |2tx  area  GFCD-  —  xf ^ )\  +  C' 
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and  C  =  0.     This  is  the  volume  of  the  frustum  FCEH,   and 
for  the  volume  of  the  spindle  we  have 

Vc3 


InlSi  x  areaAFCD  —  — -2j 


(7.)  To  find  the  surface  of  a  cir- 
cular spindle. 

Retaining  the  notation  used  in 
the  last,  we  have 

no  =  y  -f-  a 


=  n/of'  —  Yri1  =  \/r2  —  x2, 


dy 


x  .   rdyy  x- 

and  —  = and  [  ~  )    =  - =» 

ax  f^  _ x2)*  \dx  J        rl  —  xl 

=  °,7rr   /  i  1 r ydx  =  %jrr\x  —  a  sin-1  -f+C, 

and  C=0,  the  surface  of  the  part  HECF;  and  if  x=c,  we  have 
S  =  2  7rrjc  —  «  sin-1  —  >, 


the  double  of  which  will  be  the  surface  of  the  whole  spindle 
ACBE 


104 


EXAMPLES    ON   THE 


(8.)   To  find  the  volume  of  a 
parabolic  spindle. 

Put    CD  =  h,    AB  =  2c,    and  A 

#  =  AG,  and  y  =  FG. 

From  the  property  of  the  parabola 

AD2  :  AG.GB  ::  CD  :  EG, 

c1  :  x  (2  c  —  x)  : :  h  :  y, 


h(%cx  —  x2)  9       h2  2        .      3         4. 

y=   — 2 -,    .'.  f  =  —  (4c2  #2  —  lex*  +  #), 


c 

\  IB  / 


=  tt—  /(4c2  #2  —  4ctfr3  +  x4)dx=z  — — f 


irtf/Ua? 


+  +*} 


the  volume  of  AFH,  since  C  =  0 ;  when  #  =  c,  we  have 
tt/*2   /4c5        _       c5\        8      72 

volume  of  the  semi-spindle ;  and,  as  we  have  found  the  volume 
of  the  part  AFH,  if  we  subtract  this  from  the  whole  semi- 
spindle,  we  shall  have  the  frustum  EHCF,  the  double  of 
which  will  be  volume  of  the  whole  frustum  EHIL. 

In  the  same  manner  as  in  the  last  example,  we  may  find 
the  surface  of  the  parabolic  spindle. 

(9.)    In   a  parabola  find  the  area  included  between  the 
curve,  its   evolute,  and  its  radius  of 
curvature. 


area  parabola  ANP  =  Cy  dx 

4  2 

=  2  s/a    I  s/x  dx  =  -  \/ax'1t 
J  3 


area  evolute  A  N 
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(a  _  2a)*  = i—  9  jsJ  =  l 


15^/8  a  i:.  v/3«  B^a 

dy  2a 

subnormal  NG  =  y  — -   =  y  —  =  2  a, 
o  y 

NP  .  NO  I'i  1 

area  PNG  = =  ay  =  2 a  # 


ON'  =  AN'-  AG  =  34?  -f  2a  —  a?  —  2a  =  2#, 


GN'.  N'P'         .  y* 

area  P'N'G  = =  fa  =  -f-,  a? 

2  4a- 


4a#2  h     v  2a;5 

=   r-  2    v/^^  =  ' 

4a-  \/a 

area  APP'  =  APN  +  NPG  +  AN'P'-  GN'P' 


5 

4  |  J    i         12#5 

=  -,/„*    +   2a^    +  ^  —  -   — 


3  l  5 

20a#5  +  30«2*a+  6a;5 


15  v^a 

= [   cr  +  -  ax  +  -x-     . 

-v/a    \  3  5       / 


(10.)  To  find  the  length  of  the  spiral  of  Archimedes. 

dr 


ds       d$     dti       1      a-5 z 

T  =  TH  '  T"  *"  "  V  r~  +  a 


F  8 
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—  \f  rjr — 2  a       Y  r  r2dr  ,       f    dr 

a  J  yV  +  a2  J  sj  rl  +  a1 

= r  v7**2  +  «2  —  /\*r  \A2 + «*  + « r  ,  r  - 

a                          *J  J   sjr1  +  a2 

r       /-= a      r        dr  n         dr 

2«                          ^  */    v/r8  +  a2  ./    v/r2  +  a2 

2«  v  2  7   v/r'-H-a2 


'         /H^ 2     .      a   1  f  V^2  +  «2  +   r  \ 


(11.)  On  AB,  the  diameter  of  a  given  semicircle  ACB,  take 
AD  =  the  chord  AC;  join  C, D;  bisect  C  D  in  P,  and  find 
the  equation  and  area  of  the  locus  of  P. 

Join  A,  P,  and  put  A  P  =  y,  /_  PAD  =  <p,  and  AB  =  2  a; 
then  AC  =AD  =  2«  cos  2  $,  and  A  P  or  y  =  2  a  cos  £>  cos  2  p. 
Let  A  P  =  y  be  drawn  in  an  opposite  direction  ;  then 
<p  will  become  180°  -f  <J>,  and  A  P  or  y  will  become  = 
2acos(180°=<p)xcos(360°-f  2<£)=  —  2acospcos2<£  =  — y, 
which  indicates  that  when  $  passes  180°, 
the  point  P  will  begin  at  B,  and  de- 
scribe exactly  the  same  curve  which  it 
has  described ;  hence,  when  <p  arrives  at 
180°,  the  curve  is  complete.  When 
y  =  0,  $  has  three  values  from  0°  to 
180°,  viz.,  45°,  90°,  and  135°,  which  shows  that  the  point  P 
returns  thrice  to  the  point  A,  and  therefore  describes  three 
noduses;  2  area  ABP  =  fy2d  <p  =  ka2fd <p  cos2  <p  (1  —  4  sin2  (p 
cos2  $)  =  a2  <p  -f  -£-  a2  sin  <p  (3  cos  <p  —  2  cos3  (p  -f-  8  cos5  #), 
this  between  <p  =  0°,  and  <p  =  45°,  gives  5  circle  +  §  a2,  or 
1-45206  a2  for  the  area  APBEA,  and  between  (p  =  45°,  and 
(?)  =  90°,  gives  i  circle  —  §  a2,  or  -118733' a2  for  the  area 
of  the  other  two  small  and  equal  noduses,  each  of  which 
are  therefore  =  |  circle  —  ^  a2,  or  -05936' a2;  hence  the 
area  of  the  entire  curve  comprehending  the  three  noduses 
is  equal  to  the  semicircle  ACB. 
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(12.)  ACDB  is  a  given  circle,  whose  diameter  is  A  B  ;  on 
the  chord  A  D,  which  is  an  arithmetical  mean  between  the 
chord  A  C  and  the  diameter  A  B,  take  A  P,  a 
geometrical  mean  between  A  C  and  A  B, 
-linw  the  nature  and  area  of  the  curve 
which  is  the  locus  of  P. 

Put  AB  =  a,  AP=r,  and  Z.  PAB 
=  9 ;  then  A  D  =  a  cos  G,  and  AC=2AD 
—  A  B  =  2  a  cos  6  —  a,  and  consequently 
AP2  or  r2  =  AC  .  AB  =  a~  (2  cos  0  —  1), 
the  polar  equation  to  the  curve.     For  the  quadrature  we  have 

2areaABP  =   fr>d6  =  a2  fdS  (2 cos  6  —  1) 

=  2  a2  sin  6  —  a2  6. 

To  ascertain  the  limit,  put  r  =  0;  then  r2  or  a2  (2  cos  9—1) 
=  0,  and  cos  6  =  % ;  therefore  the  curve  makes  an  angle  of 
60°  with  the  diameter  A  B ;  hence,  taking  the  above  between 

9  =  0,  and  6  =  60°,  we  get  a2  \/3  —  -  a2.  2tt,  or  a2  x  '6848. 


(13.)  Let  the  given  circle  CED,  whose  diameter  is  CD, 
touch  the  indefinite  right  line  A  D  in  D,  and  from  the  given 
point  A,  draw  the  right  line  A  EC, 
on  which  take  AP  =  the  sine  of  the  c 

arc  EC,  and  find  the  equation  and 
area  of  the  curve  which  is  the 
locus  of  P. 

The  lines  being  drawn  as  enun- 
ciated, put  CD  =  a,  /_  DAC  =  <b  ; 
then  AD  =  acotp,  and,  by  similar 
As,  CD  :  AD  : :  CG  :  EG  =cotp  x  CG;  but,  by  the  circle, 

A      .  a 

E  G  =  (a  .  C  G  —  C  G*)  ;  whence  CG  =  — =  a 

v  '  cot2  <p  +  1 

sin2  <p,  E  G  =  A  P  =  (a2  sin3  <p  —  a*  sin4  of  =  ^  a  sin  20; 
the  polar  equation  of  the  curve.  When  0  =  90°,  AP  =  (), 
when  <p  =  45°,  A  P  =  £  a,  and  when  $  =  0°,  A  P  =  0 ;  hence 
A  is  a  punctum  duplex. 
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Quadrature. —  f\  AP    x  dtp  =  -J  a2   C d(p  sin2  2  (p  =  J  a2 

(—  |  sin  4  <p  -f  ^p),  which,   between  <p  =  90°,  and  (p  =  0°, 
gives  J  of  the  given  circle  for  the  area  of  the  nodus  A  PA. 

(12.)  Let  AB,  the  base  of  the  right-angled  triangle  ABC, 
be  produced  till  B  P  be  equal  to  the  diameter  of  the  inscribed 
circle.     Required  the  equation,  quadrature,  and 
greatest  possible  ordinate  of  the  curve  which  is     ^ — x 
the  locus  of  P,  the  hypothenuse  AC  being  given,     f/£v/\ 

Put  the  hypothenuse  A  C  =a,  3*14159265 =tt,     VZ__^ 
and  angle  CAB  =  a;;  then,  by  trigonometry,  A  B      c  a 

=  a  cos  x,  and  B  C  =  a  sin  x  ;  whence  B  P  = 
AB  +  BC  —  AC  =  a  (cos  x  -f  sin  x  —  1),  and  A  P  =  a 
(2  cos  x  -f  sin  x  —  1),  the  polar  equation  of  the  curve.  When 
x  =  90°,  AP  =  0,  and  when  x  =  0°,  AP=a;  .*.  the  curve 
commences  at  A  and  terminates  at  C.  The  maximum  polar 
ordinate  is  when  cos  x  =  2  sin  x,  or  when  sin  x  =  4-  ^5, 
or  x  =  26°  33'  9". 

Quadrature, — The  differential  of  the  area  is  =  £  AP2  dx 
=  ^  a2  dx  x  (4  cos2  x  -j-  4  cos  x  sin  x  -j-  sin2  x  —  4  cos  x  —  2 

/  7  3 

sin  x  -j-  1)  =  \  a2  dx  X  (  -  —  4  cos  x  —  2  sin  x  -j-  -  cos  2  x 

7  x 
2~ 


-f-  2  sin  2  x  J,  and  the  integrals  give  the  area  =  J  a2  x  ( 

3  \ 

—  4  sin  #  +  2  cos  x  +  -  sin  2  #  —  cos  2  x  J  ;    which,     be 


tween  x  —  0°,  and  #  =  90°,  gives  §  a2  n  —  2  a2  for  the  area 
of  the  whole  curve  A  PC,  or  in  numbers  =  '74889357  a2,  as 
required. 

The  area  of  the  space  inclosed  by  the  curve 

ay1  =  x1  v  a1  —  x2  is  -  a2, 
o 

Area  =  j ydx  =  — -    /  x  (a2  —  x2)*  dx 

=  -h-\^-*f  +c 
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If  x  =  ()  Area  =  -  dr  +  C. 

5 

If  x  =  a  Area  =  0, 

4  .  2 
.*.   Whole  area  = or. 


The  length  of  the  curve,  y  log  (  — J 

from  x  =  1  to  #  =  2  is  =  log  (e  ■+-  0-1). 

<fy  __  «*  (e*  —  1)  —  **  (e*  +  1)      e*  —  1 

d#  "  (er  —  I)-  '  e  +  1 

—  2^ 
"  «-*  —  1  ' 

J/  ^  g4j  _  2^  +  1  +  4e2*     _/e2x+lY2 
+  dx^~~~  (e2*  -  l)2  ""  U>2*-  1A 

-  -/<  V^g-y^f* 

r  e*  dx  r  d  x  r  ex  dx  r  ex  dx        r 

mJ  ?TT  *  J  i7^!  "V  ^TT  + ./  JTZT  "V     ■ 

S  =  log(<rx  —  i)  —  *  +  C. 
If  a?  =  2  S  =  log  (<?4-  1)  —  2  +  C. 

*«.  ]  S  =  log(*2  —  1)  -  1  +  C, 
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.-.  from*  =  2 to  x  =  l         S  =  log(>4--  1)  —  log(<?2—  1)  —  J, 
S=log(*2  +  l)-log* 

—j-  J  =  log  («  +  0-1). 

(14.)     The  length  of  the  curve  8a:3y  =  xx   4-  6  a2  a?2, 
measured  from  the  origin  of  co-ordinates,  is 

h  (*'  +  4a5)l 

1  +  -r£  =  A  (*»  +  6a2*4  +  9a'*'  +  4a6) 
rfj»'        4a° 

=  —  {a*  +  3a2*4  +  3a4*2  +  a8  +  3<r  (*4  +  2 a* a?8  +  a4)} 


4  a8 


=  j^  j(*2  +  a2)3  +  3a2  (*2  +  a2)2j 


(*2  +  a2)2 

4a,       (**  +  4a*), 


■■■>=Jd'Vi+%=^j(*'!+«w* 


~\-  ±a2  dx 
1    #  * 
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(15.)  The  volume  generated  by  the  curve  y2  (x  —  4  a)  = 
a x  (x  —  3  a)   revolving  about  the  axis  of  x,  from  x  =  <>  to 

j:  =  3a  is  =  -*ra3(15  —  16  log  2). 

#2  —  3a#  /  4a2    \ 

x  —  4a  V  #  —  4a/ 

.-.  V  =  7T  I  f  dx  =  ira  (-  +  a#  +  4  a2  log  (x  —  4a)  J  +  C. 
If  *  =  0  0  =  4*ra3  log  (-  4a)  +  C. 

If  x  =  3  a 

/  Oa2  \ 

0  =  n  a  I   —  +  3  a2  +  4  a2  log  (  -  a)  J  +  C, 

'•  v  =  na  "TT"  ""  4a2  {log  (~~  4«)  -lQg(-  «)}} 

=  ^a3Jl5-81og4} 

=  ^a3|l5  -  16  log  iij. 

(16.)  Find  the  area  of  the  curve  in  which 
(a2  -  b2)  sin  9  cos  9 

T   = — — — 

s/a2  siir  6  +  63cos2  0 

1  r^it    l  r(a2  - 62)*2  sin" e  cos8  6  _ . 

area  =  -    /  r2  dQ  =  -  /   v    „   . — ; (/  0 

2  %/  2  J      a2  siir  6  +  V  cos3  0 

_  l     Wq2-62)2sin2fld0 
~2j       a2  tan2 5"+  b2     * 
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1  .  X 

Let  x  =  tan  6,        d6  = dx      sin  6  = 


1  +  ^?2  \A+^ 

area  =  -    /  * '    1  +  a?2  ]  +  x2 

J  a2x2  +  b2 

I     r      {a2  -  b2)2  x2  dx 
~%J   (a2x2  +  b2)(l  +  *T 


U  A  B  C 

Let  -|    =   TXT" To  +  /,     ■     -2N2  + 


V   "     a2#2  +  &2   '   (1  +  x2)2       1  +  «* 
=  A(l  +  x2)2  +  B  (>2  #2  +  52)  +  c  (1  +  **)  (a2  x2  +  62). 

A2  Z>2  /  a2  —  h2\2 

Let  rf  =  -  L     .'.  -  (a2  -  6*)*1  =  A  f  ^__^) 

A  =  -  a2  52. 

Let  a  =  v/:r"1 5   -  (<*2  -  **)2  =  -  B  {a2  -  62), 
.-.  B  =  a2  -  £2, 

...    (a2  _  £2)2  tf  _  (a2  _   £2)    (a2  ^2  +    £2)    +   tf  £2  (J    +  ^ 

=  C(1+^  (a202+  62) 

_  (a*  _  £2)  (]  +  a-')  b*  +  a2  5a  (1  4-  xj  =  C(l  +  x7-) 

(a2  02  +  £2) 

b2  (1  +  02)  («2  +a2^-a3  +  ^)  =  C(l+  02)  (a2rr2-f- &2) 
C  =  b\ 
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r>      {a*  —b  )  x"  dx 
'V   (a2  a*  +  fc2)  (1  +  *<)* 

p    dx  p    dx  p    x*dx 

4  J  (i  +  jy   ~J  Hh?   ~7  (i  +  **)* 

/•   rf#  «  1       /*      </# 

1  +x>    +     2  (1  +  x2)  ~  2./    l+*! 


1     p    dx 
=  2  7  IT"? 


d  x         m  x 

2~(r+  *7 


aa  fc2  r_&x  a2  +  &2    /"     </*? 

•'•  area  "  "  TV  a*** +6*  +  — I~J    IT* 


+ 


4(1  +*') 


d  b  .  a  x       a1  +  bz 

= tan""1  —  +  — -7 — 


tan-1  x  -f- 


9  b     '        4  4  (1  +  **) 

Taking  this  between  limits  0  =  0  and  0  =  90  ; 

or,  #  =  0     x  =  oo 


a2  +  /;2  7r         a  5  7T        («  —  £>)2  r 

area  = -  — =  - -  -. 

4        2  2   2  4        2 
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(17.)  The  length  of  the  epicycloid  after  one  revolution  of 
the  generating  circle  =  8  -  (a  +  b),  and  the  area  between 

the  epicycloid  and  the  circle  =  ?r  bz  (  3  -\ ) 

(r2  fl2x 
—2 g  )»  equation  to  epicycloid  in  terms  of  rad. 

vector  and  perp.  on  tangent  where  c  =  a  -f  2  b. 

ds  r 

dr  ~~  yV  _  f 

,  J;  cV~aV-cV  +  flV  _  a2(c2  -  r2) 


r2  —  ^) 


e?s  n/c2  —  a2  r 


n/c2—  a2     , 

*  =  ± n/c2  -  r2  +  C. 


If  r  =  a  +  25  =  c,     then  s  =:  0,  C  =  0. 

c2-«2      «*  +  4a6  +  4**  —  a3 


If  r  =  a,     then  s  =  • 


«  =  ±  —  (a  +  b), 


hence  whole  length  of  arc  of  epicycloid 
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d6  V 

Also  to  find  area  —  = ,_ 

M2 


*f'      r>/r2—p2 

,  ,  -  prdr  cr  \/ r2  —  a2  Wc2  —  a2aV 

rd$= —  = — v  X  — =^ 

^/r*  __  ^  y^  _  a*  a  ,/c2  -  r2 


c   r^/  r2  —  a2dr 

1     /*«jii         c       rrdr\Jri  —  di 
area  =-   /  r2d0  =  —    /  v 

Let  f*  —  O1 « **,    raVssfcda?,    c2  —  r2  =  c2  —  a2  —  ;*r, 

c     r   zl  dz 


z2dz 


area  =  —  -r-^v/S®  —  ^®+  -^ —  sin"1  —  -f  C. 
4a  4a  £ 


If  r  =  a    then  z  =  0,  and  area  =  0, 
r  =  e    then  #a  —  *»  =  0    z*  =  c2  —  a', 
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c(c2-a2)  .     ,  \A2  -  «2 
.-.  semi-area  =  ~—t sm-1   •  /"    ■■ 

4«  VV-a2 

__  c (c2  —  a2)  ?r 
~  la       2 

area  circle  =  -  %>n-b  =z  nab, 

A 

c  (ci ai\ 

area  between  epicycloid  and  circle  =  — -n  —  mab 

4a 

(a  +  Zb)±b(a  +  b) 

7T  —  nab 


4a 


=  -(a25  +  3a5  +  2P  —  a'b) 


(18.)  Find  the  length  of  the  curve  where 

fl?t  -(-  yt  s-s  at , 

-  p\/ "*+'' =f- --<•> 

Taking*  it  between  the  limits  x  =  0,  #  =  a, 

3 

s  =  -a. 

The  whole  length  of  the  curve  4  x  -  a  =  6  a. 


x*  ■ 
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(19.)  If  h  as  height  of  a  parabolic  frustum,  a  and  b  the 
radii  of  the  ends,  show  that 

Frustum  =  ~  (a2  +  b2). 

A 

Equation  to  parabola  y1 =  kmx. 

/    I  +  h  /    x  +  h 

V  =  ?r/  y2dx  as  kitm    I  xdx 

=  2  ttn  {{x  +  hf  —  x°]  =  2  %m  (2  ar/i  +  A2) 

(20.)  Find  the  area  of  the  catenary 

Area  =  j  yd*  =  \  f  [f  +  e"a  )  dx 

at       -  -*\ 

=  -  (  aea  —  ae    *  h 

/       2JL  _2j 

=  -  y/ty*  —  4a2  =  a  \J y'  —  a'2- 

(31.)  Find  the  area  of  #V  —  aV  =  "s> 

a2 

y  =  «/-« 4' 

sj  x*  —  a4 
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area=  /  ydx  =  a2  /,  —  =  a2  I  — , 

J  J  {/a;* -a*  J    ** 

If  a?4  -  a4  =  *V, 


VT=? 


log  x  =  log  a  —  -  log  (1  —  z% 


dx  Z* 

x        1  —  z* 

.-.  area  =  a2   I  -  - r  dz  =  a2  /  - dz 

J    z  \  —  sr  J    \  ~  sr 

2    (J  l-z2     J  1  +  z2S 
_  a2    r     1  a2    r    1  fl   /'      ] 


a2  _       1  +  *       a2 


=  7logr3 


*4  -  a4  a3 


tan"1  #. 


But*4  =-  — , 

a;4  ary4 


a2                  xy       a~  a2 

area  =  T  log 1  —  —  tan     — 


=  ^!{l0gA/fl^!_tan-^}. 
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(22.)  Find  the  volume  generated  by  the  revolution  of  the 
witch  round  its  asymptote. 

Qa  —  x 
y1  =  4  a2 equation  to  witch, 

xy*  =  8  a3  —  4  a2  a?, 

8  a3 
*  -  y2  +  4  a2' 

/*  /*    4a2a,y 

*2dy  =  lGa   V(y*  +  4a2)2 

./  i/2  +  4a2  ./y +  4^)F 

B  t  /■  y  dy_       _  1      y       .  I  / 

\/  ^  (y»  +  4aa)«  2  y2  +  4a2 "*"  2  ./ 


dy 


y2  +  4a- 


Volume  V 


=  8a4  9r    2    ,y    -2  +  4=a37r  tan"1  £-. 

Taking  between  the  limits  of  2/  =  oo  and  y  =  0. 

Volume  =  4a37r  tan-1  00  =  2  a3  tt*,  and  whole  volume 
generated  by  curve  both  above  and  below  the  abscissa 
=  4  a"  «* 


120  EXAMPLES    ON   THE 


MISCELLANEOUS    EXAMPLES. 

C1-)  fs/bax  —  x2  .  dx 

/{lax  —  x2)dx 
s/%ax  —  x2 

~xdx  {a  +  (a  —  x)} 


-j. 


sj  %ax  —  x2 

(a  —  x)  xdx 


r*      axdx  p\a  —  x)  xdx 

J    \Z~^ax  —  x2      J    s/%ax  —  x2 

/(a  —  x)  dx  .  x 
\/  %ax  —  x2 

=  x  \/%ax  —  x2  —  J  \/%ax  —  x2  dx, 

/►     axdx  P{(a  —  x)a  ~  <^}dx 

sj^ax—x2  J        \Z%ax  —  x2 

=  —  a  \/^ax  —  #2  +  a2  .  ver  sin-1  -, 


.-.  2  J  \/%ax  —  x2  .  dx 
=  (#  —  a)  y/%  ax  —  x2  +  a2  ver  sin-4  - , 


INTEGRAL   CALCULU8.  1-21 

.%   J  \Z%aw  —  xl  .  dx 

(x  —  a)\/2ax  —  xl       a2  .     ,m 

; Fi +  77  ver  8in        • 

2  2  a 


This  integral  is  used  by  Earnshaw,  in  finding  the  centre  of 
gravity  of  the  area  of  a  cycloid. 


/§f  d  x 
>/&**  +  </ 

By  for  mula  of  Reduction, 

/x"  dx 
s/Zax  +  a2 


x*"1  \/ %a  x  +  xl       a(2n—  1)   /»     xn~ldx 

\'%a+  x"- 


or  dx 


If  ?i  =  2,  this  gives    /        . 

J    s/^Xax  +  *■ 

#v/2a#  +  ar       6a    n       aria 


2 
Also    /»       "'« 


6a   p       x  ax 
2  •/    s/^ax  -f-jr1 


/*         d  x 


o 
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And  d* 


f*     ,  :  =  log  {x  +  a  +  s/%ax  +  ar}, 

«/  \/%ax-\-  x2 
ss  >/2  a  #  -j-  a?2  —  a  log  {a  +  a  -f  \/2ax  4-  #2}. 

z^      a?2^  #\/2a#  +  #2       3a     /- - 

,\    /  — ,  =  — - \/%ax  -{-  x2 

J  ^Zax  +  X2  2  2 


g^2 

+  — -  log  {x  +  a  +  ^/2a#  -f  #2}. 


/» °       .i?2  a7;*? 


let  ^?  =  x       dp  =  cfar,      a7  #  = 


(2a#  —  a;2)i 
x  dx 


/x  dx  /v  3     i 
=  /  (2a  —  a?)_2  0*  d#  3- 

/  (2a#tal  —  l)- '3  *"*   ^ 
==  -  -i-  f(Zax-1  -  1)~~*  x  —  2a x"2  dx 

°  '     «V  2a-V 
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j pdq=pg  -fqdp 

_ x    /   x      -  C  sjx ' dx 

~  a     v     2a  —  x       a  J    sJ'Za  —  x 

_  x      /    x         i    r     xdx      . 

~a\    %a  —  x       a  J   \/%ax  —  zr 
but  by  the  formula  of  reduction, 

r        x  dx  /- r  ,  x 

I  —  =  —  w  %ax  —  x*  +  a  vers  '  -, 

/x2dx 
(tax  -  x*f 

X  /        X  1        / 


x  —  j?8  —  vers-1  -, 
a 


taken  between  the  limits  of  0  and  a, 
x2  dx 


/. 


;sl  +  l-!  =  2-!=  -4292. 


a  (2ax  -  z2)i  2  2 


This  integral  is  used  in  Barlow  on  the  strength  of  mate 
rials.     See  pages  364,  365. 

x    n  x*dx         /   1  x  —  a         1  ,#\1 

/»      rfx        __  x  1  1  «JL 

(5'!/  W+W -*h*?  +  i>)  +  2*7i tan    v^' 

o  2 
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/*  dx 

(x  -t  a)  (**  +  bf 

1         ,  x  +  a  1  ax  +  b 


a  (a2  4-  36)                  ,     x 
-f  ^  7      -  ,  - — iT7,  'tan-1 -, 

x4  dx 


r     x*  dx 

(7,)  J  («  +  bxy 

/$a?       Sax\  1  3       /• 

~  ""  {  ~8b  +"8F/  '  O  +  bxf+  Sb2J  a 


dx 


-h  bx2 

L' {a  -r  bxf      63V  o3     «  -f  &#      6*  7 

The  formula  of  reduction 

dx  _  ^Jx—x1 


(9.)  /' ^=  = 

—  A 


W-V    ^—2  v'  1  -  OJ2 
gives  the  following  integrals,  taking  m  odd 

ydfa?  \/ 1  —  xl       1     /  *        dx 


y<2#  sj  1  —  a;2       3     /  •         </a; 
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/  dx y/l  —  ar       5     r        dx 

J  x7  x/T^x1 "  6*"      f6c/  ^N/T37' 

Taking  m  even 


cto  v/l— ^       2     /* dx 


/ '        </#  _         v/  1  —  x'      2     r        ax 

&c. 
The  following  integrals  may  be  done  by  the  general  form 

/  x"'   1  (a  -f-  bxn)'i . 

ydx  1      .      a  4-  6#  —  y/a 

#\/#  +  £#        %/#         a  4- £#  4-  v# 


/»       </#  k/±  +  Sx        3,       \/4  4-3#  — 2 

/i  i  \   / ===  =  — log  v  — • 

^     %9J  xs/T~+Vx  ±*>  ™         v/4  +  3^  +  2 

ydx  2        .  _         /&#  —  a 

f       dx  2 

(13.)  / 5= 7== 

*7  a? (a  +  &#)*       a  v7  a  4-  i 


>\Jbx  —  a        \J  i 
dx 

~bx 

log 


a  \/0  s/a  +  bx  +  s/a 

r     xQdx  J  f4  -  4#  4-  5a?*| 

y»      d#  _  /  1  2   \         a? 

(a  +  fc*2)*  "  \  3a(a  +  ft**)  +  3^  J  ^JT*"£? ' 

J*    X\dx  iM    f  1  .2  1 
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/__d®_ f  2 2_~l 


a?  +  a 


<tf  \J %  ax  -f  #2 


nexxdx  ex 

(20.)     Show  that  *  J  8in*  =  tano 
(31.)    feSxxdx  =  Ze^x(x*-3x  +  6  ^/a  —  6). 
0aJ?sin2#6?# 


a  (a2  +  4) 

— ; —  (a  sin  #  +  2  cos  #), 

a2  +  4 


/#*       <^costf#      rsm^ 
e,cog8a!  =  _  +  ___  +  ___. 

(24.)        /L_^_  =2tan,  +^  +  -i- 
v      y      ,/sm2tfcos4#  3  tmx 


also,  show  that  the  integral  is 

1     1_         _8 

3     sin  x  cos3  x       3 


cot2#*. 


*  It  is  observed  by  De  Morgan,  that  we  are  liable,  in  using  artifices  of 
integration  to  produce  results  which  appear  different,  but  which  in  fact  only 
differ  by  a  constant.  This  discrepancy  does  not  appear  when  the  integrals 
are  taken  between  definite  limits,  since  <p  a  —  <p  h  =  0  a  +  C  —  (<pb  +  G), 
are  the  same.     See  De  Morgan's  Differential  and  Integral  Calculus,  p.  116. 
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r      dS  l  jy/?^l  coal  — sin  0| 

C20.)y  l  _  e2  C082  e  -  2n/x  __  f2  lQg  (/— i  cos  B  +  sind J 


n/5 

(« >  i). 


/*  dd  3  f«0  +  0) 

sin3  (a  0  +  £)  cos2  (a  0  +  0)  =  2^  l0g  ^  I      2      J 

If  1  cos  a  6  +  b  ^ 

a  {cos  (a  Q  +  5)  ""  2  (sin2  a  0  +  b)\ 

d  B  vers  2  0 


sec  0  cosec  6 


(29.)  fd  6  cosec  2  0=  -  log  tan  0, 

r     d6  1 

(30.)  /  —2 — -  =  -tann0, 

v      '  J    cos2  n  6      n 

,„    x  /*     d  *  *       1  i      1  +  sin  2  <9 

,    r    de  i  i       i,        {  *     Q\ 

;  8a>  ./sto* = suf*  -  e~# +  a log  H 4o  +  a ; 

/^sin3  0  d  0 
(33.)  /  -       ,,  A     =  cos  0  +  sec  0, 


cos2  0 


(34.)  A— ^ T"/,  =  « i"i  +  log  tan  ^ 

v      '       ^  sin  0  cos3  0      2  cos2  6         ° 

/^sin3  6  d  6  _   sin2  0 2^ 

^     ■'       J       cos8  0      ~~  5  cos7  0       5  •  7  cos7  0 

(36.)  /"     /     r2sin0d0rfr=-  -(R3  -  r3)  (cos  0  -  cos  0). 

This  integral  is  used  by  Professor  Moseley  on  the  arch. 
See  the  "  Mechanical  Principles  of  Engineering  and  Archi- 
tecture," page  467. 

(37.)  AOB  is  a  quadrant  of  a  circle,  O  its  centre  ;  draw  any 
chord  BED,  and  OE  perpendicular  to  it,  upon  which  tak< 
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OP  equal  to  half  the  cosine  of  the  arc  BD,  and  determine 
the  quadrature  of  the  locus  of  P. 

(38.)  CP  and  CD  are  conjugate  diameters  of  an  ellipse,  of 
which  the  semiaxes  are  a  and  b  ;  P F  is  perpendicular  to  DC  :  it 
is  required  to  find  the  area  of  the  curve,  which  is  the  locus  of  F. 

(39.)  A  right  line  drawn  from  a  given  point  cuts  a  given 
circle,  and  the  intercepted  chord  is  the  minor  principal  axis 
of  an  ellipse,  whose  area  is  equal  to  that  of  the  given  circle. 
Find  the  quadrature  of  the  curve  described  by  the  vertex 
of  the  ellipse. 

(40.)  Supposing  the  arc  of  a  semicircle  to  be  stretched  out 
into  a  straight  line,  and  an  indefinite  number  of  perpendiculars 
erected  on  it,  each  equal  to  the  versed  line  of  the  correspond- 
ing arc ;  what  would  be  the  length  of  the  curve  traced  out  by 
the  tops  of  the  perpendiculars  ? 

(41.)  The  polar  equation  to  the  parabola  is  r= -  .    show 


2*; 
cos  7j 


that  the  area  =  a2  ( tan  -  +  -  tan3  -  j. 

(42.)  The  equation  to  the  lemniscate  being  (x2  +  y2)2  =  x2 
—  y\  find  its  area  between  the  limits  of  x  =  0  and  x  =  1. 

(43.)  Let  the  base  AB  of  a  right-angled  plane  triangle  be 
given,  and  in  the  variable  hypothenuse  AC,  let  there  be  con- 
tinually taken  CP  equal  to  the  perpendicular  CB.  Find  the 
equation  and  quadrature  of  the  curve,  which  is  the  locus  of 
the  point  P. 

(44.)  ACB  is  a  given  quadrant  of  a  circle ;  A  the  centre, 
and  D  any  point  in  the  curve.  Draw  O  D  perpendicular  to  A  B, 
and  take  D  P  =  B  O ;  then  the  area  of  the  curve,  which  is 
the  locus  of  P,  will  be  =  the  circular  segment  CDBC. 

(45.)  The  perpendicular  BC  of  aright-angled  triangle  ABC 
is  given,  and  in  the  variable  hypothenuse  AC,  let  AP  be 
taken,  so  as  always  to  be  equal  to  B  C ;  required  the  distance 
BP  of  nearest  approach,  and  the  quadrature  of  the  curve, 
which  is  the  locus  of  P. 

(46.)  Find  the  content  of  the  solid  generated  by  the  revo- 
lution of  the  curve,  whose  equation  is  (a1  -f  0)  JJa  —  ** 
(a2  —  x2)  =  0  ;  about  the  axis  of  x. 
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Tn  With  Examples 

Repair 

28. 

81.    /;  ply  of  Cities  an  With 
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and  to  give  motion  to  Turbines  and  other  Hydrostatic  Engines.     By  Josepf 
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C.  D.  Abel,  C.E.    7s.  6d. 
125.  THE  COMBUSTION  OF  COAL  AND  THE  PREVENTIOA 
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Modelling,     Pattern-Making,     Moulding,     Turning,     Filing,     Burnishing 

Bronzing,  &c.  With  copious  Receipts,  numerous  Tables,  and  Notes  on  Prim< 

Costs  and  Estimates.     By  Walter  Graham.    Illustrated.     2Sj  6d. 

164.  MODERN  WORKSHOP  PRACTICE,  as   applied   to  Marine: 

Land,   and  Locomotive    Engines,    Floating    Docks,   Dredging    Machines 
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Application.       I  win,    C.B.      Second  Edition,  revised  and 
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Kensington.  Third  Edition.  Illustrated  with  7  Plates  and  nearly  350  Wood- 
cuts.  3s.  6d. 
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Sewell's  "  Treatise  on  Steam."  By  D.  Kinnkar  CLARK,  C.E.,  M.I.C.E. 
Author  of  "  Railway  Machincr)',"  "  Railway  Locomotives,"  &c,  &c.  With 
numerous  Illustrations.    3s.  6d.  [Just  published. 


SHIPBUILDING,    NAVIGATION,    MARINE 
ENGINEERING,    ETC. 

51.  NAVAL  ARCHITECTURE,  the  Rudiments  of;  or,  an  Exposi- 
tion of  the  Elementary  Principles  of  the  Science,  and  their  Practical  Appli- 
cation to  Naval  Construction.  Compiled  for  the  Use  of  Beginners.  By 
TAXIS  Pkakic,  School  of  Naval  Architecture,  H.M.  Dockyard,  Portsmouth. 
Fourth  Edition,  corrected,  with  Plates  and  Diagrams.     3s.  6d. 

53*.  SHIPS  FOR    OCEAN  AND  RIVER  SERVICE,  Elementary 

and  Practical  Principles  of  the  Construction  of.     By  Hakon  A.  Sommer- 
FBLDT,  Surveyor  of  the  Royal  Norwegian  Navy.    "With  an  Appendix,    is. 
;3**.  AN  ATLAS  OFENGRA  VINGS  to  Illustrate  the  above.  Twelve 
large  folding  plates.     Royal  4to,  cloth.     7s.  6d. 

54.  MASTING,  MAST-MAKING,  AND  RIGGING   OF  SHIPS, 

Rudimentary  Treatise  on.  Also  Tables  of  Spars,  Rigging,  Blocks;  Chain, 
Wire,  and  Hemp  Ropes,  &c,  relative  to  every  class  of  vessels.  Together 
with  an  Appendix  of  Dimensions  of  Masts  and  Yards  of  the  Royal  Navy  of 
Great  Britain  and  Ireland.  By  Robfkt  Kipping,  N.A.  Thirteenth  Edition. 
Illustrated,  is.  6d. 
54*.  IRON  S HIP-BUILDING.  With  Practical  Examples  and  Details 
for  the  Use  of  Ship  Owners  and  Ship  Builders.  By  John  Grantham,  Con- 
sulting Engineer  and  Naval  Architect.  Fifth  Edition,  with  important  Addi- 
tions.    4s. 

;4**.  AN  ATLAS   OF  FORTY  PLATES   to   Illustrate   the  above. 

Fifth  Edition.  Including  the  latest  Examples,  such  as  II.. M.  St  ram  Frigates 
"Warrior,"  "  Hercules,"'  "  Bellerophon ; "  H.M.  Troop  Ship  "Serapis,*1 
I     n  Floating  Dock,  See,  &c.    4to,  boards.    38s. 

55.  THE   SAILOR'S   SEA   BOOK:   a    Rudimentary  Treatise    on 

•1.     I.   Bow  to  Keep  the  Log  and  Work  it  off.     II.  On  Finding  tho 

• 
'  which  are  added,  Directions 

of  Storms  and  Variable  Winds  ;  and  Explanations  of 
Terms  used  in  Ship-building.  Ninth  Edition,  with  several  Engravings  and 
Coloured  Illustrations  of  the  Flags  of  Maritime  Nations.    2s. 

80.  MARINE  ENGINES.  STEAM  VESSELS,  a  Treatise 

on.     Together  with  Practical    Remarks  on  the  Screw  and  Propelling  Power, 
Royal   and   Merchant   Navy.     By    ROBERT   Mi  I 

er-Surveyor  to  the  Board  of  Trade.    With  a  Glossary  of  Technical 
and  their  Equivalents  in  French,  German,  and  Spanish.  Fifth  Edition, 

revised  and  enlarged.    Illustrated*    3s. 
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Shipbuilding,  Navigation,  etc.,  continued. 

83&W.  THE  FORMS  OF  SHIPS  AND  BOATS:  Hints,  Experiment- 
ally Derived,  on  some  of  the  Principles  regulating-  Ship-building.  By  W. 
Bland.  Sixth  Edition,  revised,  with  numerous  Illustrations  and  Models,  is.  6d. 
99.  NAVIGATION  AND  NAUTICAL  ASTRONOMY,  in  Theory 
and  Practice.  With  Attempts  to  facilitate  the  Finding  of  the  Time  and  the 
Longitude  at  Sea.  By  J.  R.  Young,  formerly  Professor  of  Mathematics  in 
Belfast  College.     Illustrated.     2s.  6d. 

100*.  TABLES  intended  to  facilitate  the  Operations  of  Navigation  and 
Nautical  Astronomy,  as  an  Accompaniment  to  the  above  Book.  By  J.  R. 
Young,    is.  6d. 

106.  SHIPS'  ANCHORS,   a  Treatise   on.      By  George  Cotsell, 

N.A.    Illustrated,     is.  6d. 
149.  SAILS    AND    SAIL-MAKING,    an    Elementary    Treatise    on. 

With  Draughting,  and  the  Centre  of  Effort  of  the  Sails.  Also,  Weights 
and  Sizes  of  Ropes  ;  Masting,  Rigging,  and  Sails  of  Steam  Vessels,  &c,  &c. 
Tenth  Edition,  enlarged,  with  an  Appendix.  By  Robert  Kipping,  N.A., 
Sailmaker,  Quayside,  Newcastle.     Illustrated.     2s.  6d. 

155.  THE  ENGINEER'S  GUIDE  TO  THE  ROYAL  AND 
MERCANTILE  NAVIES.  By  a  Practical  Engineer.  Revised  by  D, 
F.  McCarthy,  late  of  the  Ordnance  Survey  Office,  Southampton.    3s. 


PHYSICAL    SCIENCE,    NATURAL    PHILO- 
SOPHY,   ETC. 

1.  CHEMISTRY,  for  the  Use  of  Beginners.     By  Professor  Georgi 

Fownes,  F.R.S.  With  an  Appendix,  on  the  Application  of  Chemistry  tc 
Agriculture,     is. 

2.  NATURAL  PHILOSOPHY,  Introduction  to  the  Study  of;  foi 

the  Use  of  Beginners.     By  C.  Tomlinson,  Lecturer  on  Natural  Science  it 
King's  College  School,  London.    Woodcuts,     is.  6d. 
4.  MINERALOGY,  Rudiments  of;  a  concise  View  of  the  Properties 
of  Minerals.    By  A.  Ramsay,  Jun.    Woodcuts  and  Steel  Plates.    3s. 

6.  MECHANICS,   Rudimentary  Treatise   on ;    being    a  concise  Ex- 

position of  the  General  Principles  of  Mechanical  Science,  and  their  Applica> 
tions.  By  Charles  Tomlinson,  Lecturer  on  Natural  Science  in  King': 
College  School,  London.     Illustrated,     is.  6d. 

7.  ELECTRICITY;    showing  the  General  Principles  of  Electrica: 

Science,  and  the  purposes  to  which  it"  has  been  applied.  By  Sir  W.  Snov 
Harris,  F.R.S.,  &c.  With  considerable  Additions  by  R.  Sabine,  C.E. 
F.S.A.  Woodcuts,  is.  6d. 
7*.  GALVANISM,  Rudimentary  Treatise  on,  and  the  General  Prin- 
ciples of  Animal  and  Voltaic  Electricity.  By  Sir  W.  Snow  Harris.  Nev 
Edition,  revised,  with  considerable  Additions,  by  Robert  Sabine,  C.E. 
F.S.A.    Woodcuts,     is.  6d. 

8.  MAGNETISM ;  being  a  concise  Exposition  of  the  General  Prin- 

ciples of  Magnetical  Science,  and  the  Purposes  to  which  it  has  been  applied 
By  Sir  W.  Snow  Harris.  New  Edition,  revised  and  enlarged  by  H.  M 
Noad,  Ph.D.,  Vice-President  of  the  Chemical  Society,  Author  of  "A 
Manual  of  Electricity,"  &c,  &c.     With  165  Wooocuts.     3s.  6d. 

11.  THE  ELECTRIC  TELEGRAPH;   its  History  and  Progress 

with  Descriptions  of  some  of  the  Apparatus.  By  R.  Sabine,  C.E.,  F.S.A.,  &c 
Woodcuts.     3s. 

12.  PNEUMATICS,    for    the    Use    of    Beginners.      By    Charle< 

Tomlinson.    Illustrated,     is.  6d. 
72.  MANUAL  OF  THE  MOLLUSC  A  ;  a  Treatise  on  Recent  anc 
Fossil  Shells.     By  Dr.   S.   P.   Woodward,    A.L.S.      With  Appendix  b] 
Ralph  Tate,  A.L.S.,   F.G.S.     With  numerous   Plates   and  300  Woodcuts 
6s.  6d.     Cloth  boards,  7s.  6d. 
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Physical  Science,  Natural  Philosophy,  etc.,  contin 

W+*  PHOTOGRAPHY^  Popular  Treatise  on;   with  a  Description  of 

the  itcd  from  the  French  of  D.  VAN  MoNCKHOVEN, 

.!>.     Woodcuts,     is.  6d. 

96.  ASTRONOMY.      By  the    I  Iaix,  M.A.,   F.R.S.,  &c. 

.'  and  enlarged  Edition,  with   an  Appendix  on  "  Spectrum  Analysis." 
Woodcuts,    is. 

97.  STATICS  AND  DYNAMICS,  the  Principles  and  Practice  of; 

embracing-  also  a  clear  development  of  Hydrostatics,  Hydrodynamics,  and 
brad  Forces.    ByT.  Bakbk,  C. 
138.  TELEGRAPH,   Handbook  of  the;    a  Manual    of   Telegraphy, 

Telegraph  Clerks'  Remembrancer,  and  Guide  to  Candidates  for  Employ- 
ment in  the  Telegraph  Service.  By  R.  Bond.  Fourth  Kditi on,  revised  and 
enlarged  :  to  which  is  appen<  MAGNETISM,  ELEC- 

TK  CTICAL  TELEGRAPHY,  for  the  Use  of  Students, 

W.  McGregor,  First  Assistant  Superintendent,  Indian  Gov.  Telegraphs. 
Woodcuts.    3s. 

143.  EXPERIMENTAL    ESSAYS.      By    Charles    Tomlinson. 

I.  On  the  Motions  of  Camphor  on  Water.  II.  On  the  Motion  of  Camphor 
towards  the  Light.   III.  History  of  the  Modern  Theory  of  Dew.   Woodcuts,   is. 

173.  PHYSICAL  GEOLOGY,  partly  based  on  Major-General  Port- 

lock's  "  Rudiments  of  Geology."  By  Ralph  Tate,  A.L.S.,  &c.  Numerous 
Woodcuts.     2S. 

174.  HISTORICAL     GEOLOGY,    partly    based    on    Major-General 

Portlock's  "  Rudiments."  By  Ralph  Tate,  A.L.S.,  &c.  Woodcuts.  2s.  6d. 
173  RUDIMENTARY  TREATISE  ON  GEOLOGY,  Physical  and 
Sc  Historical.  Partly  based  on  Major-General  Portlock's  "  Rudiments  of 
Geology."  By  Ralph  Tatb,  A.L.S.,  F.G.S.,  &c,  &c.  Numerous  Illustra- 
tions. In  One  Volume.  4s.  6d. 
ANIMAL  PHYSICS,  Handbook  of.  By  Dionysius  Lardner, 
D.C.L.,  formerly  Professor  of  Natural  Philosophy  and  Astronomy  in  Uni- 
versity College,  London.  With  520  Illustrations.  In  One  Volume,  cloth 
boards.    7s.  6d. 

.    ***  Sold  also  in  Two  Parts,  as  follows  : — 
Animal  Physics.    By  Dr.  Lardner.    Part  I.,  Chapter  I— VII.    4s. 
Animal  Physics.    By  Dr.  Lardner.    Part  II.  Chapter  VIII— XVIII.    3s. 


174. 


MINING,    METALLURGY,    ETC. 

117.  SUBTERRANEOUS  SURVEYING,  Elementary  and  Practical 
Treatise  on,  with  and  without  the  Magnetic  Needle.  By  Thomas  Fenwick, 
Surveyor  of  Mines,  and  Thomas  Bakek,  C.E.     Illustrated.     2s.  6d. 

133.  METALLURGY  OF  COPPER  ;  an  Introduction  to  the  Methods 

of  Seeking,  Mining,  and  Assaying  Copper,  and  Manufacturing  its  Alloys, 
By  Robert  11.   I  .!>.     Woodcuts.     2s.  6d. 

134.  METALLURGY  OF  SILVER  AND  LEAD.      A   Description 

:nent,  and  valuable  Constituents.     By  Dr. 
R.   1  [,  Woodcuts.     2s. 

135.  ELECTRO-METALLURt  ically  Treated.      By  Alex- 

lition.     Woodcuts.    2s. 
172.  MIXING  TOOLS,  Manual  of.     For  the  Use  of  Mine  Managers, 

nts,  Students,  Sec.  Comprising  Observations  on  the  Materials  from,  and 
manufactured  ;  their  Special  Uses,  Applica- 
tions, Qualities,  and  I  W11  liam  Morgans,  Lecturer  on  Mining 
at  v  boo!  of  Mines.  2s.  6d. 
1 7 2*.  MINING  TOOLS,  ATLAS  .of  Engravings  to  Illustrate  the 
above,  containing  235  Illustrations  of  Mining  Tools,  drawn  to  Scale.  4to. 
4s.  6d. 
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Mining,  Metallurgy,  etc.,  continued, 
176.  METALLURGY  OF  IRON,   a  Treatise  on  the.      Containing 

Outlines  of  the  History  of  Iron  Manufacture,  Methods  of  Assay,  and  Analyses 
of  Iron  Ores,  Processes  of  Manufacture  of  Iron  and  Steel,  &c.  By  H. 
Bauerman,  F.G.S.,  Associate  of  the  Royal  School  of  Mines.  Fourth 
Edition,  revised  and  enlarged,  with  numerous  Illustrations.  4s.  6d. 
180.  COAL  AND  COAL  MINING:  A  Rudimentary  Treatise  on. 
By  Warington  W.  Smyth,  M.A.,  F.R.S.,  &c,  Chief  Inspector  of  the 
Mines  of  the  Crown  and  of  the  Duchy  of  Cornwall.  New  Edition,  revised 
and  corrected.    With  numerous  Illustrations.    3s.  6d. 


EMIGRATION. 

154.  GENERAL  HINTS  TO  EMIGRANTS.     Containing  Notices 

of  the  various  Fields  for  Emigration.  With  Hints  on  Preparation  for 
Emigrating,  Outfits,  &c,  &c.  With  Directions  and  Recipes  useful  to  the 
Emigrant.     With  a  Map  of  the  World.     2s. 

157.  THE   EMIGRANTS    GUIDE    TO    NATAL.      By  Robert 

,  James  Mann,  F.R.A.S.,  F.M.S.  Second  Edition,  carefully  corrected  to 
the  present  Date.     Map.     2s. 

159.  THE  EMIGRANT'S  GUIDE  TO  AUSTRALIA,  New  South 

Wales,  Western  Australia,  South  Australia,  Victoria,  and  Queensland.  By 
the  Rev.  James  Baird,  B.A.    Map.    2s.  6d. 

160.  THE  EMIGRANT'S   GUIDE   TO    TASMANIA   and  NEW 

ZEALAND.    By  the  Rev.  James  Baird,  B.A.    With  a  Map.    2s. 
i$98lTHE  EMIGRANT'S  GUIDE  TO  AUSTRALASIA.     By  the 
160.    Rev.  J.  Baird,  B.A.    Comprising  the  above  two  volumes,  i2mo,  cloth  boards. 
With  Maps  of  Australia  and  New  Zealand.    5s. 


AGRICULTURE. 

29.  THE   DRAINAGE    OF  DISTRICTS   AND   LANDS.      By 

G.  Drysdale  Dempsey,  C.E.    Illustrated,     is.  6d. 

***   With  "  Drainage  of  Tow?ts  and  Buildings,"  in  One  Vol.,  3s.  6d. 
63.  AGRICULTURAL  ENGINEERING :  Farm  Buildings,  Motive 

Powers  and  Machinery  of  the  Steading,  Field  Machines,  and  Implements. 

By  G.  H.  Andrews,  C.E.    Illustrated.    3s. 
66.  CLAY   LANDS    AND     LOAMY    SOILS.        By    Professor 

Donaldson,    is. 
131.  MILLER'S,   MERCHANT'S,   AND    FARMER'S  READY 

RECKONER,  for  ascertaining  at  sight  the  value  of  any  quantity  of  Corn, 
from  One  Bushel  to  One  Hundred  Quarters,  at  any  given  price,  from  £1  to 
£5  per  quarter.  Together  with  the  approximate  values  of  Millstones  and 
Millwork,  &c.     is. 

140.  SOILS,  MANURES,    AND   CROPS.     (Vol.    1.   Outlines  of 

Modern  Farming.)     By  R.  Scott  Burn.    Woodcuts.    2s. 

141.  FARMING  AND  FARMING  ECONOMY,  Notes,  Historical 

and  Practical,  on.  (Vol.  2.  Outlines  of  Modern  Farming.)  By  R.Scott 
Burn.     Woodcuts.     3s. 

742.  STOCK;    CATTLE,    SHEEP,    AND    HORSES.       (Vol.    3. 
Outlines  of  Modern  Farming.)    By  R.  Scott  Burn.  Woodcuts.    2s.  6d. 

145.  DAIRY,   PIGS,   AND  POULTRY,    Management  of  the.      By 

R.  Scott  Burn.  With  Notes  on  the  Diseases  of  Stock.  (Vol.  4.  Outlines 
of  Modern  Farming.)    Woodcuts.     2s. 

146.  UTILIZATION      OF     SEWAGE,      IRRIGATION,       AND 

RECLAMATION  OF  WASTE   LAND.    (Vol.  5.  Outlines  of  Modern 

Farming.)    By  R.  Scott  Burn.    Woodcuts.    2s.  6d. 

V#  Nos.  140-1-2-5-6,  in  One  Vol.,  handsomely  half-bound,  entitled  "Outlines  of 

Modern  Farming."     By  Robert  Scott  Burn.     Price  12s. 

177,  FRUIT  TREES,  The  Scientific  and  Profitable  Culture  of.   From 

the  French  of  Du  Breuil,  Revised  by  Geo.  Gi.enny.    187  Woodcuts.    3s.  6d. 
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FINE   ARTS. 

20.  PERSPECTIVE  FOR  BEGINNERS.  Adapted  to  Young 
Students  'and  Amateurs  in  Architecture,  Painting,  &c.  By  George  Pyne, 
Artist.    Woodcuts.    2s. 

40.  GLASS  STAINING  ;  or,  Painting  on  Glass,  The  Art  of.     Com- 

prising Directions  for  Preparing  the  Pigments  and  Fluxes,  laying  them  upon 
[the  Glass,  and  Firing  or  Burning  in  tb<    I  man  of  Dr. 

Gessert.    To  which  is  added,  an  Appendix  on  The  Art  of  Em 

41.  PAINTING  ON  GLASS,   the  Art  of.      From   the   German   of 

Otto  From  berg.     is. 
69.  MUSIC,    A    Rudimentary    and    Practical    Treatise    on.       With 

numerous  Examples.    By  Charles  Child  Spencer.     2s.  6d. 
71.  PIANOFORTE,  The  Art  of  Playing  the.     With  numerous  Exer- 
cises and  Lessons.  Written  and  Selected  from  the  Best  Masters,  by  Charles 
it.     is.  6d. 
181.  PAINTING  POPULARLY  EXPLAINED,   including  Fresco, 
Oil,  Mosaic,  Water  Colour,  Water-Glass,  Tempera,  Encaustic,  Miniature, 
Painting  on   Ivory,  Vellum,  Pottery,   Enamel,  Glass,  &e.     With  Historical 
Sketches  of  the  Progress  of  the  Art  by  Thomas  John  Gullick,  assisted  by 
John  TOMBS,  F.S.A.    Third  J.dition,  revised  and  enlarged,  with  Frontispiece 
and  Vignette.     5s. 

186.  A  GRAMMAR  OF  COLOURING,  applied  to  Decorative 
Painting  and  the  Arts.  By  George  Field.  New  Edition,  enlarged  and 
adapted  to  the  Use  of  the  Ornamental  Painter  and  Designer.  By  Ellis  A. 
Davidson,  Author  of  "  Drawing  for  Carpenters,"  &c.  With  two  new 
Coloured  Diagrams  and  numerous  Engravings  on  Wood.     2s.  6d. 


ARITHMETIC,    GEOMETRY,   MATHEMATICS, 

ETC. 

32.  MATHEMATICAL  INSTRUMENTS,  a  Treatise  on;  in  which 

their  Construction  and  the  Methods  of  Testing,  Adjusting,  and  Using  them 

arc  concisely  Explained.      By  J.  F.  Heather,  M.A.,  of  the  Royal  Military 

I  Academy,  Woolwich.     Original  Edition,  in  1  vol.,  Illustrated,     is.  6d. 

*m*  In  ordering  the  above,  be  careful  to  say,  "  Original  Edition,"  or  give  the  number 

in  the  Series  (32)   to  distinguish   it  from  the  Enlarged  Edition    in  3  vols. 

{Nos.  168-9-70.) 

60.  LAND  AND  ENGINEERING  SURVEYING,  a  Treatise  on; 

with  all  the  Modern  Improvements.  Arranged  for  the  Use  of  Schools  and 
Private  Students;  also  for  Practical  Land  Surveyors  and  Engineers.  By 
T.  Bakei  v  Edition,  revised  by  Edward  Nugent,  C.E.      Illus- 

trated with  Plates  and  Diagrams.     2s. 

61*.  READY  RECKONER  FOR  THE  ADMEASUREMENT  OF 
LANl).  By  Abraham  Arman,  Schoolmaster,  Thnrleirh,  Beds.  To  whirh 
is  added  a  Table,  showing  the  Price  of  Work,  from  2s.  6d.  to^"i  per  acre,  and 
Tables  for  the  Valuation  of  Land,  from  is.  to  £1,000  per  acre,  and  from  one 

pole  to  two  thousand  acres  in  extent,  &c,  &c.     is.  6d. 

76.  DESCRIP1  :•;    an    Elementary    Treatise    on; 

with  a  I  heory  of  Shadows  and  of   I  om  the  French  of 

which  is  added,  a  description  of  the  Principles  and  Practice 
of  Isomej  1  Hon;  the  whole  being  intended  as  an  introduction  t 

Application   of  Descriptive  I  various  branches  of  the  Arts. 

|.  ]•'.  Heather,  M.A.     Illustrated  with  1 : 
IMPRACTICAL    J      '  giving    the    Simplest 

Modes  ol  I  trical  Con- 

IBR,  M.A.     V,  ..    2s. 

hie,    and   Perspective : 

giving  the  various  Modes  of  Delineating  Solid  Forms  by  Constructions  on  a 
Single  Plane  Surface.  ITHBR,  M.A.  [In  preparation. 

*»*  7 he  above  three  volut  iaky  Course  of 

1  :  tCAL  Draw 
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Arithmetic,  Geometry,  Mathematics,  etc.,  continued. 

83.  COMMERCIAL  BOOK-KEEPING.   With  Commercial  Phrases 

fand  Forms  in  English,  French,  Italian,  and  German.     By  James  Haddon, 
M.A.,  Arithmetical  Master  of  King's  College  School,  London,     is. 

84.  ARITHMETIC,  a  Rudimentary  Treatise  on :  with  full  Explana- 

tions of  its  Theoretical  Principles,  and  numerous  Examples  for  Practice.  For 
the  Use  of  Schools  and  for  Self-Instruction.  By  J.  R.  Young,  late  Professor 
of  Mathematics  in  Belfast  College.  New  Edition,  with  Index,  is.  6d. 
84*  A  Key  to  the  above,  containing  Solutions  in  full  to  the  Exercises,  together 
with  Comments,  Explanations,  and  Improved  Processes,  for  the  Use  of 
Teachers  and  Unassisted  Learners.     By  J.  R.  Young,     is.  6d. 

85.  EQUATIONAL  ARITHMETIC,  applied  to  Questions  of  Interest, 
85*.    Annuities,  Life  Assurance,  and  General  Commerce  ;  with  various  Tables  by 

which  all  Calculations  may  be  greatly  facilitated.    By  W.  Hipsley.     2s. 

86.  ALGEBRA,    the    Elements    of.      By  James  Haddon,   M.A., 

Second  Mathematical  Master  of  King's  College  School.  With  Appendix, 
containing  miscellaneous  Investigations,  and  a  Collection  of  Problems  ii. 
various  parts  of  Algebra.  2s. 
86*  A  Key  and  Companion  to  the  above  Book,  forming  an  extensive  repository  of 
Solved  Examples  and  Problems  in  Illustration  of  the  various  Expedients 
necessary  in  Algebraical  Operations.  Especially  adapted  for  Self-Instruc- 
tion.   By  J.  R.  Young,     is.  6d. 

88.  EUCLID,  The  Elements  of  :  with  many  additional  Propositions 

89.  and  Explanatory  Notes  :  to  which  is  prefixed,   an  Introductory  Essay  on 
Logic.    By  Henry  Law,  C.E.    2s.  6d. 

***  Sold  also  separately,  viz.  : — 

88.  Euclid,  The  First  Three  Books.    By  Henry  Law,  C.E.    is. 

89.  Euclid,  Books  4,  5,  6,  11,  12.    By  Henry  Law,  C.E.    is.  6d. 

90.  ANALYTICAL     GEOMETRY  AND     CONIC    SECTIONS, 

a  Rudimentary  Treatise  on.  By  James  HANN,'late  Mathematical  Master  01 
King's  College  School,  London.  A  New  Edition,  re-written  and  enlarged 
by  J.  R.  Young,  formerly  Professor  of  Mathematics  at  Belfast  College.      2s. 

91.  PLANE     TRIGONOMETRY,   the    Elements    of.     By  James 

Hann,  formerly  Mathematical  Master  of  King's  College,  London,     is. 

92.  SPHERICAL  TRIGONOMETRY,  the  Elements  of.     By  James 

Hann.    Revised  by  Charles  H.  Dowling,  C.E.    is. 
***  Or  with  "  The  Elements  of  Plane  Trigonometry"  in  One  Volume,  2s. 

93.  MENSURATION  AND  MEASURING,  for  Students  and  Prac- 

tical  Use.  With  the  Mensuration  and  Levelling  of  Land  for  the  Purposes  o: 
Modern  Engineering.  By  T.  Baker,  C.E.  New  Edition,  with  Corrections 
and  Additions  by  E.  Nugent,  C.E.     Illustrated,     is.  6d. 

94.  LOGARITHMS,    a  Treatise  on;  with  Mathematical  Tables   foi 

facilitating  Astronomical,  Nautical,  Trigonometrical,  and  Logarithmic  Calcu- 
lations ;  Tables  of  Natural  Sines  and  Tangents  and  Natural  Cosines.  B5 
Henry  Law,  C.E.     Illustrated.     2s.  6d. 

101*.  MEASURES,  WEIGHTS,  AND  MONEYS  OF  ALL  NA- 
TIONS, and  an  Analysis  of  the  Christian,  Hebrew,  and  Mahometar 
Calendars.     By  W.  S.  B.  Woolhouse,  F.R.A.S.,  &c.     is.  6d. 

102.  INTEGRAL    CALCULUS,  Rudimentary  Treatise  on  the.     By 

Homersham  Cox,  B.A.     Illustrated,     is. 

103.  INTEGRAL  CALCULUS,  Examples  on  the.    By  James  Hann, 

late  of  King's  College,  London.     Illustrated,     is. 

101.  DIFFERENTIAL  CALCULUS,  Examples  of  the.    By  W.  S.  B. 

Woolhouse,  F.R.A.S.,  &c.     is.  6d. 

104.  DIFFERENTIAL  CALCULUS,  Examples  and  Solutions  of  the. 

By  James  Haddon,  M.A.    is. 
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Arithmetic,  Geometry,  Mathematics,  etc.,  continued. 

105.  Ml  .    LESSONS.  —  Geometry,    Algebra,     and 

Lessons.      By  the   Rev.  Thomas 
in  Kikkman,  M.A.    is.  6d. 

136.  ARITHMETIC,  Rudimentary,  for  the  Use  of  Schools  and  Self- 

•  ruction.     By  James  IIaddon,  M.A.      Revised   by  Abraham  Arman. 
is.  6d. 

137.  A  i*h  RrniMKNTARY  Arithmetic.    By  A.  Arman.    is.  6d. 

^JtlTHMETICy  -Stone  to;    being  a  Complete  Course 

of  Exercises  in  the  First  Four  Rales  (Simple  and  Compound),  on  an  entirely 
new  principle.  For  the  Use  of  Elementary  Schools  of  every  Grade.  Intended 
an  Introduction  to  the  more  extended  works  on  Arithmetic.  By  Abraham 
Arman.    is. 

148.      A  Key  to  Stepping-Stone  to  Arithmetic.     By  A.  Arman.    is. 

1*58.  THE  SLIDE  RULE,  AND  HOW  TO  USE  IT;  containing 
full,  easy,  and  simple  Instructions  to  perform  all  Business  Calculations  with 
unexampled  rapidity  and  accuracy.  By  Charles  Hoare,  C.E.  With  a 
Slide  Rule  in  tuck  of  cover.     3s. 

168.  DRAWING  AND  MEASURING  INSTRUMENTS.     Includ- 

ing — I.  Instruments  employed  in  Geometrical  and  Mechanical  Drawing, 
and  in  the  Construction,  Copying,  and  Measurement  of  Maps  and  Plans. 
II.  Instruments  used  for  the  purposes  of  Accurate  Measurement,  and  for 
Arithmetical  Computations.  By  J.  F.  Heather,  M.A.,  late  of  the  Royal 
Military  Academy,  Woolwich,  Author  of  "  Descriptive  Geometry,"  &c,  &c. 
Illustrated,     is.  6d. 

169.  OPTICAL  INSTRUMENTS.     Including  (more  especially)  Tele- 

scopes, Microscopes,  and  Apparatus  for  producing  copies  of  Maps  and  Plans 
by  Photography.     By  J.  F.  HEATHER,  M.A.     Illustrated,     is.  6d. 

170.  SURVEYING    AND    ASTRONOMICAL    INSTRUMENTS. 

Including — I.  Instruments  Used  for  Determining  the  Geometrical  Features 
of  a  portion  of  Ground.    II.  Instruments  Employed  in  Astronomical  Observa- 
tions.    By  J.  F.  Heather,  M.A.     Illustrated,     is.  6d. 
*m*  The  above  three  volumes  form  an  enlargement  of  the  Author's  original  work, 
"  Mathematical  Instruments:  their  Construction,  Adjustment,  Testing,  and  Use," 
the  Eleventh  Edition  of  which  is  on  sale,  price  is.  6d.  (See  No.  32  in  the  Series.) 

MATHEMATICAL   INSTRUMENTS.    By  J.   F.  Heather, 

169.  >  M.A.  Enlarged  Edition,  for  the  most  part  entirely  re-written.  The  3  Parts  as 
i-jo.)  above,  in  One  thick  Volume.  With  numerous  Illustrations.  Cloth  boaids.  5s. 
185.  THE  COMPLETE  MEASURER  ;  setting  forth  the  Measure- 
ment  of  Boards,  Glass,  &c,  &c. ;  Unequal-sided,  Square-sided,  Octagonal- 
sided,  Round  Timber  and  Stone,  and  Standing  Timber.  With  just  Allow- 
ances for  the  Bark  in  the  respective  species  of  Trees,  and  proper  deductions 
for  the  waste  in  hewing  the  trees,  &c.  ;  also  a  Table  showing  the  solidity  of 
hewn  or  eight-sided  timber,  or  of  any  octagonal-sided  column.  Compiled 
for   the   accommodation   of  Timber-growers,    Merchants,    and    Surveyors, 

By     Richard    Horton.      Third 
Edition,  with  considerable  and  valuable  additions.     4s.      [Just  published. 


LEGAL    TREATISES. 


50.  77/  OF   CONTR.  R    WORA'S  AND   SER- 

VJ(  DAVID  Gibbons.     Third  Edition,  revised   and  considerably 

enlarged.     3s.  [Just  pub.: 

1  Si.  A   HANDY  BOOK  ON  THE   LAW  OF  FRIENDLY,  IN- 
DUSTRIAL  &*  PROVIDENT  BUILDING  6h   LOAN  SOCIETIES. 

:  r,   of  H.M.  I 

T63.  Tl  IONS;    and  on 

the  Protection  of  Designs  and  Trade  Marks.     By  F.  W.  Campin,  Barrister- 
at-Law.     2S. 
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MISCELLANEOUS    VOLUMES. 

36.  A  DICTIONARY  OF  TERMS  used  in  ARCHITECTURE, 
BUILDING,  ENGINEERING,  MINING,  ME  TALL  URGY,  ARCHE- 
OLOGY, the  FINE  ARTS,  &>c.  With  Explanatory  Observations  on  various 
Subjects  connected  with  Applied  Science  and  Art.  By  John  Weale. 
Fifth  Edition,  revised  and  corrected.  Edited  by  Robert  Hunt,  F.R.S., 
Keeper  of  Mining  Records,  Editor  of  Ure's  "  Dictionary  of  Arts,  Manufac- 
tures, and  Mines."    Numerous  Illustrations.    5s. 

112.  MANUAL  OF  DOMESTIC  MEDICINE.    By  R.   Gooding, 

B.A.,  M.B.  Intended  as  a  Family  Guide  in  all  Cases  of  Accident  and 
Emergency.     2s. 

112*.  MANAGEMENT  OF  HEALTH.     A  Manual  of  Home  and 
Personal  Hygiene.    By  the  Rev.  James  Baird,  B.A.     is. 

113.  FIELD  ARTILLERY  ON  SERVICE,  on  the  Use  of.    With 

especial  Reference  to  that  of  an  Army  Corps.  For  Officers  of  all  Arms. 
By  Taubert,  Captain,  Prussian  Artillery.  Translated  from  the  German  by 
Lieut. -Col.  Henry  Hamilton  Maxwell,  Bengal  Artillery,    is.  6d. 

113*.  SWORDS,  AND  OTHER  ARMS  used  for  Cutting  and  Thrust- 
ing, Memoir  on.      By   Colonel   Marey.      Translated  from  the  French  by 
Colonel  H.  H.  Maxwell.    With  Notes  and  Plates,     is. 
150.  LOGIC,    Pure     and    Applied.        By    S.    H.    Emmens.        Third 
Edition,     is.  6d. 

152.  PRACTICAL   HINTS  FOR   INVESTING    MONEY.    With 

an  Explanation  of  the  Mode  of  Transacting  Business  on  the  Stock  Exchange. 
By  Francis  Playford,  Sworn  Broker,     is.  6d. 

153.  SELECTIONS    FROM    LOCKE'S     ESSAYS     ON     THE 

HUMAN  UNDERSTANDING.    With  Notes  by  S.  H.  Emmens.    2s. 

193.  HANDBOOK  OF  FIELD  FORTIFICATION,  intended  for  the 

Guidance  of  Officers  Preparing  for  Promotion,  and  especially  adapted  to  the 
requirements  of  Beginners.  By  Major  W.  W.  KNOLLYS,  F.R.G.S.,  93rd 
Sutherland  Highlanders,  &c.    With  163  Woodcuts.    3s. 
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HISTORY. 


1.  England,  Outlines  of  the  History  of;  more  especially  with 

,' reference  to  the  Origin  and  Progress  of  the  English  Constitution.  A  Text 
Book  for  Schools  and  Colleges.  By  William  Douglas  Hamilton,  F.S.A., 
of  Her  Majesty's  Public  Record  Office.  Fourth  Edition,  revised  and  brought 
down  to  1872.     Maps  and  Woodcuts.     5s.  ;  cloth  boards,  6s. 

5.  Greece,  Outlines  of  the  History  of;  in  connection  with  the 

Rise  of  the  Arts  and  Civilization  in  Europe.  By  W.  Douglas  Hamilton, 
of  University  College,  London,  and  Edward  Levien,  M.A.,  of  Ballio] 
College,  Oxford.    2s.  6d. ;  cloth  boards,  3s.  6d. 

7.  Rome,  Outlines  of  the  History  of:  from  the  Earliest  Period 

to  the  Christian  Era  and  the  Commencement  of  the  Decline  of  the  Empire, 
By  Edward  Levien,  of  Balliol  College,  Oxford.  Map,  2s.  6d. ;  cl.  bds.  3s. 6d, 

9.  Chronology  of  History,  Art,  Literature,  and  Progress, 

from  the  Creation  of  the  World  to  the  Conclusion  of  the  Franco-German 
War.  The  Continuation  by  W.  D.  Hamilton,  F.S.A.,  of  Her  Majesty's 
Record  Office.    3s. ;  cloth  boards,  3s.  6d. 

50.  Bates  and  Events  in   English  History,  for  the  use  oi 

Candidates  in  Public  and  Private  Examinations.  By  the  Rev.  Edgar  Rand, 
B.A.     is. 

LONDON  :  CROSBY  LOCKWOOD  AND  CO., 


ale's  EDUCATI  \'D  classical  series.  13 

ENGLISH    LANGUAGE    AND    MISCEL- 
LANEOUS. 

11.  Grammar   of  the   English   Tongue,  Spoken  and  Written. 

With  an   In"  the  Study  of  Comparative  Philology.     By  Hyde 

Third  Edition,    is. 
II*.   Philology  :    Handbook  of  the  Comparative  Philology  of  English, 

!  I  igh  Dutch 
or  German,  Danish, Swedish,  Icelandic,  Latin,  Italian,  French,  Spanish, 

RKB,    1  >.(.'. L.      is. 

12.  Dictionary   of   the   English    Language,   as   Spoken   and 

.ntaining    above    100,000    Words.      By    HyDB   CLARKE,    D.C.L. 
3s.  6d. ;  cloth  boards,  4s.  6d.  ;  complete  with  the  GRAMMAR,  cloth  bds.,  - 

48.  Composition   and    Punctuation,    familiarly   Explained    for 

those  who  hare  neglected   the   Study  of  Grammar.      By  Justin    Br] 
16th  Edition,     is. 

49.  Derivative  Spelling-Book  :   Giving  the  Origin  of  Every  Word 

from  the  Greek,  Latin,  Saxon,  German,  Teutonic,  Dutch,  French,  Spanish, 
and  other  Languages  ;  with  their  present  Acceptation  and  Pronunciation. 
By  J.  Rowbotham,  E.R.A.S.     Improved  Edition,     is.  6d. 

51.  The  Art  of  Extempore  Speaking:  Hints  for  the  Pulpit,  the 

Senate,  and  the  Bar.      By  M.    BautAIN,  ral  and  Professor  at  the 

Sorbonne.  Translated  from  the  Erench.  Fifth  Edition,  carefully  corrected. 
2s.  6d. 

52.  Mining  and  Quarrying,  with  the  Sciences  connected  there- 

with. First  Book  of,  for  Schools.  By  T.  H.  Collins,  F.G.S.,  Lecturer  to 
the  Miners'  Association  of  Cornwall  and  Devon,     is.  6d. 

53.  Places  and  Facts  in  Political  and  Physical  Geography, 

for  Candidates  in  Public  and  Private  Examinations.  By  the  Rev.  Edgar 
Rand,  B.A.    is. 

54.  Analytical  Chemistry,  Qualitative  and  Quantitative,  a  Course 

of.  To  which  is  prefixed,  a  Brief  Treatise  upon  Modern  Chemical  Nomencla- 
ture and  Notation.  By  Wm.  W.  Pink,  Practical  Chemist,  &c,  and  George 
E.  WEBSTER,  Lecturer  on  Metallurgy  and  the  Applied  Sciences,  Notting- 
ham.    2S. 

rHE    SCHOOL    MANAGERS'    SERIES    OF    READING 

BOOKS, 

Vdapted  to  the  Requirements  of  the  New  Code.  Edited  by  the  Rev.  A.  R.  Grant, 
Rector  of  Hitcham,  and  Honorary  Canon  of  Ely;  formerly  H.M.  Inspector 
of  Schools. 

Introductory  Primbr,  $d. 

s.  d. 
Fourth  Standard  .  .  .  x  2 
Fifth  ,,       .       .       .       .16 

Six  1  ii  ,,         .         .         .         .16 

Lessons  from  the  Bihle.     Part  I.     Old  Testament,     is. 

FROM  'ivf.   BiBLB.      Part  II.     New  Testament,   to  which  is  added 

I  111:   GEOGRAPHY  of  the  BibLB,  for  very  young  Children.     By  Rev.  C. 

knton  Forster.     is.  2d.     %*  Or  the  Two  Parts  in  One  Volume.   2s. 


j.   d. 

Eikst  Standard     .        .06 
Second      „  .        .    o  10 

Third         „  .        .     x    o 


FRENCH. 

"rench   Grammar.     With  Complete  and  Concise  Poiles  on  the 

kUSS,    Pli.I ).      is. 

25.  French-English  Dictionary  .  rising  a  large  number  of 

.:i  Engineering,  Mining,  on  Railways,  See.     By  Alfred 

Ei.wes.     is.  6d. 

26.  English-French  Dictionary.     ByALFRF.i  2s. 
5,26.  French  Dictionary  (as  above).     Complete,  in  One  Vol.,  3s. ; 

cloth  boards,  3s.  6d.    *#*  Or  with  the  Grammar,  cloth  boards,  4s.  6d. 
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French,  continued. 
47.  French    and    English    Phrase    Book  :     containing  Intrc 

ductory  Lessons,  with  Translations,  for  the  convenience  of  Students  ;  seven 
Vocabularies  of  Words,  a  Collection  of  suitable  Phrases,  and  Easy  Familu 
Dialogues,    is. 

GERMAN. 

39.  German  Grammar.      Adapted    for    English    Students,   froi 

Heyse's  Theoretical  and  Practical  Grammar,  by  Dr.  G.  L.  Strauss,     is. 

40.  German  Reader:   A  Series  of  Extracts,  carefully  culled  from  tli 

most  approved  Authors  of  Germany;  with  Notes,  Philological  and  E: 
planatory.     By  G.  L.  Strauss,  Ph.D.     is. 

41.  German  Triglot   Dictionary.      By  Nicholas  Esterhaz? 

S.  A.  Hamilton.    Part  I.  English-German-French,     is. 

42.  German    Triglot     Dictionary.      Part  II.    German-Frencl 

English,     is. 

43.  German   Triglot   Dictionary.       Part  III.    French- Germai 

English,     is. 

41-43.  German   Triglot   Dictionary  (as  above),  in  One  Vol.,  3s. 
cloth  boards,  4s.    *#*  Or  with  the  German  Grammar,  cloth  boards,  5s., 


ITALIAN. 

27.  Italian  Grammar,  arranged  in  Twenty  Lessons,  with  a  Coun 

of  Exercises.     By  Alfred  Elwes.     is. 

28.  Italian  Triglot   Dictionary,  wherein  the  Genders  of  all  tl 

Italian  and  French  Nouns  are  carefully  noted  down.     By  Alfred  Elwe 
Vol.  1.  Italian-English-French.     2s. 

30.  Italian    Triglot    Dictionary.       By  A.  Elwes.      Vol. 

English-French-Italian.     2s. 

32.  Italian  Triglot  Dictionary.     By  Alfred  Elwes.    Vol. 

French-Italian-English.     2s. 

8,30,  Italian   Triglot   Dictionary  (as  above).     In  One  Vol.,  6s 

32.      cloth  boards,  7s.  6d.     ***  Or  with  the  Italian  Grammar,  cloth  bds.,  8s.  6 


SPANISH  AND  PORTUGUESE. 

34.  Spanish  Grammar,  in  a  Simple   and  Practical  Form.     Wit 

a  Course  of  Exercises.    By  Alfred  Elwes.     is.  6d. 

35.  Spanish-English    and    English-Spanish     Dictionary 

Including  a  large  number  of  Technical  Terms  used  in  Mining,  Engineering,  &< 
with  the  proper  Accents  and  the  Gender  of  every  Noun.  By  Alfred  Elwe 
4s.  ;  cloth  boards,  5s.  ***  Or  with  the  Grammar,  cloth  boards,  6s. 
55.  Portuguese  Grammar,  in  a  Simple  and  Practical  Forr 
With  a  Course  of  Exercises.  By  Alfred  Elwes,  Author  of  "  A  Spani 
Grammar,"  &c.     is.  6d.  {Just published. 


HEBREW. 

46*.  Hebrew  Grammar.    By  Dr.  Bresslau.     is.  6d. 
44.  Hebrew'  and  English  Dictionary,  Biblical  and  Rabbinica! 

containing  the  Hebrew   and  Chaldee  Roots   of  the  Old  Testament   Pos 
Rabbinical  Writings.  By  Dr.  Bresslau.   6s.    %*  Or  with  the  Grammar,  7 

46.  English  and  Hebrew  Dictionary.    By  Dr.  Bresslau.    3 
44,46.  Hebrew  Dictionary  (as  above),  in  Two  Vols.,  complete,  wit 
46*.      the  Grammar,  cloth  boards,  12s. 
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LATIN. 

19.  Latin  Grammar.     Containing  the  Inflections  and  Elementary 

1  'instruction.    By  the  Kcv.  Thomas  Goodwin, 
M.\..  Bead  Master  of  the  Greenwich  Proprietary  School,     is. 

20.  Latin-English  Dictionary.     Compiled  from  the  best  Autho- 

rities.   Byfthe  R  Goodwin,  M.A.    2s. 

22.  English-Latin    Dictionary;    together  with  an  Appendix  of 

b  have  their  origin  from  the  Latin.     By  the 
Rev.  Thom  .  6d. 

0,22.  Latin  Dictionary  (as  above).     Complete  in  One  Vol.,  3s.  6d. ; 
cloth  boards,  4s.  6d.    %•  Or  with  the  Grammar,  cloth  boards,  5s.  6d. 

LATIN   CLASSICS.     With  Explanatory  Notes  in  English. 

1.  Latin  Delectus.     Containing  Extracts  from  Classical  Authors, 

with  Genealogical  Vocabularies  and  Explanatory  Notes,  by  Henry  Young, 
lately  Second  Master  of  the  Royal  Grammar  School,  Guildford,     is. 

2.  Caesaris  Commentarii  deBello  Gallico.  Notes,  and  a  Geographical 

Register  for  the  Use  of  Schools,  by  H.  Young.    2s. 
12.  Ciceronis  Oratio  pro  Sexto  Roscio  Amerino.     Edited,  with  an 

Introduction,  Analysis,  and  Notes  Explanatory  and  Critical,   by  the  Rev. 

James  Davies,  M.A.     is. 
14.  Ciceronis  Cato  Major,  Laelius,  Brutus,  sive  de  Senectute,  de  Ami- 

citia,  de  Claris  Oratoribus  Dialogi.    AVith  Notes  by  W.  Brownrjgg  Smith, 

M.A.,  F.R.G.S.    21. 

3.  Cornelius  Nepos.      With  Notes.     Intended  for   the  Use  of 

Schools.    By  H.  Young,    is. 

6.  Horace;   Odes,   Epode,   and  Carmen  Saeculare.     Notes  by  H. 

Young,    is.  6d. 

7.  Horace  ;  Satires,  Epistles,  and  ArsPoetica.  Notes  by  W.  Brown- 

rigg  Smith,  M.A.,  F.R.G.S.     is.  6d. 

21.  Juvenalis  Satirae.     With  Prolegomena  and  Notes  by  T.  H.  S. 

Escott,  B.A.,  Lecturer  on  Logic  at  King's  College,  London,     is.  6d. 

16.  Livy  :  History  of  Rome.  Notes  by  H.  Young  and  W.  B.  Smith, 

M.A.     Part  1.     Books  i.,  ii.,  is.  6d. 
16*. Part  2.     Books  iii.,  iv.,  v.,  is.  6d. 

17.  Part  3.     Books  xxi.  xxii.,  is.  6d. 

8.  Sallustii  Crispi  Catalina  et  Bellum  Jugurthinum.     Notes  Critical 

and   Explanatory,  by  W«   M.   Donne,  B.A.,  Trinity  College,    Cambridge, 
is.  6d. 

10.  Terentii  Adelphi  Hecyra,  Phormio.     Edited,  with  Notes,  Critical 

and  Explanatory,  by  the  Rev.  James  Davies,  M.A.    2s. 

9.  Terentii  Amlria  ct  Heautontimorumenos.     With  Notes,  Critical 

and  Explanatory,  by  the  Rev.  James  Davii-.s,  M.A.     is.  6d. 

11.  Terentii  Eunuchus,  Comcedia.     Edited,  with  Notes,  by  the  Rev. 

JAW  6d.     Or   the  Adelphi,  Andria,   and    Eunuchus, 

3  vols,  in  1,  cloth  boards,  6s. 

4.  Virgilii  Alaronis  Bucolica  et  Georgica.   With  Notes  on  the  Buco- 

lics b  A.,  and  on  the  Georgics  by  H.  Young,     is.  6d. 

5.  Virgilii  Maronis  -^Eneis.     Notes,  Critical  and  Explanatory,  by  H. 

Young.     2s. 

19.  Latin  Verse  Selections,  from  Catullus,  Tibullus,  Propertius, 

and  Ovid.   Notes  by  W.  !.\.,  Trinity  College,  Cambridge.    2s. 

20.  Latin  Prose    Selections,    from  Varro,    Columella,    Vitruvius, 

.1,  Quintiliar.  is  Maximus   Sueto- 

nius, Apuleius,  &c.    Notes  by  W.  B.  I  .  \.    2s. 
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GREEK. 

14.  Greek  Grammar,  in  accordance  with  the  Principles  and  Phil< 
logical  Researches  of  the  most  eminent  Scholars  of  our  own  day.  By  Hv 
Claude  Hamilton,     is. 

l5>l7-  Greek  Lexicon.  Containing  all  the  Words  in  General  Use,  wii 

their  Significations,  Inflections,  and  Doubtful  Quantities.  By  Henry  1 
Hamilton^  Vol.  1.  Greek-English,  2s. ;  Vol.  2.  English-Greek,  2s.  Or  tl 
Two  Vols,  in  One,  4s. ;  cloth  boards,  5s. 

14,15.  Greek  Lexicon  (as  above).     Complete,  with  the  Grammar,  i 

17.       One  Vol.,  cloth  boards,  6s. 
GREEK  CLASSICS.     With  Explanatory  Notes  in  English. 
1.  Greek  Delectus.     Containing  Extracts  from  Classical  Author 
with  Genealogical  Vocabularies  and  Explanatory  Notes,  byH.  Young.  Ne 
Edition,  with  an  improved  and  enlarged  Supplementary  Vocabular3%  by  Tor 
Hutchison,  M.A.,  of  the  High  School,  Glasgow,     is. 
30.  ><£schylus  :  Prometheus  Vinctus  :  The  Prometheus  Bound.  Froi 
the  Text  of  Dindorf.  Edited,  with  English  Notes,  Critical  and  Explanator 
by  the  Rev.  James  Davies,  M.A.    is. 
32.  ^Eschylus  :  Septem  Contra  Thebes  :  The  Seven  against  Thebe: 
Erom  the  Text  of  Dindorf.    Edited,  with  English  Notes,  Critical  and  E: 
planatory,  by  the  Rev.  James  Davies,  M.A.     is. 

40.  Aristophanes  :    Acharnians.     Chiefly  from  the  Text  of  C.  1 

AVeise.    With  Notes,  by  C.  S.  T.  Townshend,  M.A.     is.  6d. 
26.  Euripides:  Alcestis.     Chiefly  from  the  Text  of  Dindorf.   Wit 

Notes,  Critical  and  Explanatory,  by  John  Milner,  B.A.     is. 

23.  Euripides  :  Hecuba  and  Medea.     Chiefly  from  the  Text  of  Do 

dorf.    With  Notes,  Critical  and  Explanatory,  by  W.  Brownrigg  Smitj 
M.A.,  F.R.G.S.    is.  6d. 
14-17.  Herodotus,  The  History  of,  chiefly  after  the  Text  of  Gaisfori 
With   Preliminary  Observations  and  Appendices,  and  Notes,  Critical   ar 
Explanatory,  by  T.  H.  L.  Leary,  M.A.,  D.C.L. 

Part  1.     Books  i.,  ii.  (The  Clio  and  Euterpe),  2s. 

Part  2.     Books  iii.,  iv.  (The  Thalia  and  Melpomene),  2s. 

Part  3.     Books  v.-vii.  (The  Terpsichore,  Erato,  and  Polymnia),  2s/ 

Part  4.     Books  viii.,  ix.  (The  Urania  and  Calliope)  and  Index,  is.  6d. 

5-12.  Homer,  The  Works  of.     According  to  the  Text  of  Baeumleii 

With   Notes,    Critical   and   Explanatory,    drawn  from   the  best  and  late; 

Authorities,   with   Preliminary  Observations  and   Appendices,  by  T.  H.  ] 

Leary,  M.A.,  D.C.L. 

The  Iliad  :         Part  1.   Books  i.  to  vi.,  is.  6d.        Part  3.   Books  xiii.  to  xviii.,  is.  6< 

Part  2.   Books  vii.  to  xii.,  is.  6d.       Part  4.   Books  xix.  to  xxiv.,  is.  6d 

The  Odyssey:    Part  1.   Books  i.  to  vi.,  is.  6d.        Part  3.   Books  xiii.  to  xviii.,  is.  61 

Part  2.   Books  vii.  to  xii.,  is.  6d.       Part  4.   Books   xix.   to   xxiv.,    an 

Hymns,  2s. 

4.  Lucian's  Select  Dialogues.     The  Text  carefully  revised,  wit 

Grammatical  and  Explanatory  Notes,  by  H.  Young,     is. 

13.  Plato's  Dialogues:    The  Apology  of  Socrates,  the  Crito,  an 

the  Phaedo.  Erom  the  Text  of  C.  F.  Hermann.  Edited  with  Notes,  Critic; 
and  Explanatory,  by  the  Rev.  James  Davies,  M.A.     2s. 

18.  Sophocles:  CEdipus  Tyrannus.     Notes  by  H.  Young,     is. 
20.  Sophocles :    Antigone.     From  the  Text  of  Dindorf.     Notes 

Critical  and  Explanatory,  by  the  Rev.  John  Milnf.r,  B.A.     2s. 

41.  Thucydides :  History  of  the  Peloponnesian  War.     Notes  by  JJ 

Young.    Book  1.    is. 
2,3.  Xenophon's  Anabasis;  or,  The  Retreat  of  the  Ten  Thousand 

Notes  and  a  Geographical  Register,  by  H.  Young.  Part  1.  Books  i.  to  iii 
is.     Part  2.  Books  iv.  to  vii.,  is. 

42.  Xenophon's  Panegyric  on  Agesilaus.    Notes  and  Intrc 

duction  by  Ll.  F.  W.  Jkwitt.     is.  6d. 
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